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Bondar V. S.,
Inelasticity. Variants of the Theory, Moscow: FIZMATLIT, 2004

The simplest applied variants of the inelasticity theory that can be
used to investigate the laws governing deformation and destruction of a
material subjected to complex nonisothermal loading as well as to calcu-
late the kinetics of the stressed-strained state and to predict the resource
of light-parameters constructions are presented

The book is intended for specialists of design organizations, scien-
tific-research institutes, as well as for post-graduates and students dealing
with computations and investigations of high-loaded structures.
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INTRODUCTION

The problems of reliable functioning of the contemporary technological
constructions, operating under the conditions of high-level power and tem-
perature loadings, and of reduction of the amount of materials required per
unit of output of them makes the problem of mathematical modeling of
their inelastic behavior and failure extremely urgent. The increase of the
working parameters of modern machines and devices leads to an increase
in both the general and local strength of constructions. Real processes of
loading such constructions lead to development of inelastic (viscoplastic)
deformations in their material. The loading itself is a complex nonisother-
mal process, and the character of its change can be most arbitrary under
the conditions of recurrence and duration of the effect of the thermal and
force loadings and of ionizing radiation.

The currently used theories of plasticity, creep, and inelasticity gener-
alized to nonisothermal loading can lead to reliable results only under re-
stricted conditions, i.e., under loadings close to simple and stationary ones.
Separate consideration of the processes of plasticity, creep, and damage
accumulation without account for their mutual influence is practically typi-
cal of all the theories applied in calculations. Such important aspects that
influence damage accumulation as embrittlement and healing are practi-
cally not considered. All the aforesaid substantially limits the fields of ap-
plication of the theories of plasticity, creep, and of the kinetic equations of
damage accumulation (failure criteria) used in calculations.

At the present time, the theory of inelasticity has been developed
[1-3] which results from the generalization and evolution of the ideas
contained in different variants of the theories of plasticity, creep, and
inelasticity based on the concept of microstresses which was put forward
by V. V. Novozhilov and his school [4-6]. The theory of inelasticity be-
longs to the class of single-surface theories of flow with combined hard-
ening. The validity of the developed theory of inelasticity was justified in
[3, 7-15] on a wide spectrum of structural materials (steels and alloys)
and various programs of experimental investigations. Comparisons of cal-
culations carried out according to various theories of plasticity, creep, and



inelasticity have shown that the results obtained with the use of the devel-
oped theory of inelasticity correspond best to experimental data. Based on
the above-mentioned studies, the conclusion has been drawn that the de-
veloped theory of inelasticity can be used in practical calculations of in-
elastic behavior of the materials of constructions and damage accumulation
in them in an arbitrary process of complex nonisothermal loading, and that
based on this theory one can carry out a reliable prediction of the service
life of high-parameters structure materials under recurrent and prolonged
effect of thermal power loadings and ionizing radiation.

The range of application of the theory of inelasticity is limited by
small strains of homogeneous and initially isotropic metals at temperatures,
when there are no phase transformations, and deformation rates, when dy-
namic effects can be neglected.

Worthy of note are some of the characteristic features of the devel-
oped theory of inelasticity:

e deformation has both an elastic and inelastic components (there is
no conditional division of inelastic deformation into plastic defor-
mation and creep);

e the loading surface can be displaced, expanded or narrowed and
can change shape;

e the trinomial structure of the equations for loading surface dis-
placement stipulates the removal of limitations on the trajectories
of complex loading;

¢ the kinetic equations of damage accumulation are based on the en-
ergy principle with account for the processes of embrittlement and
healing;

e the equations of inelastic behavior and damage accumulation are
interconnected, i.e., a damage influences the behavior, and the his-
tory of loading affects the process of damage;

e inelastic behavior and failure can depend on the type of stressed
state;

e in the case of complex (disproportionate) cyclic loading an extra
isotropic hardening is possible;

e analytical integration of the inelasticity theory equations for ele-
mentary stationary loading regimes leads to the well-known criteria
of low-cycle and long-term strength;

e the processing of experimental curves which is not connected with
determination of yield stress and other quantities with any allow-



ances serves as a basis of the experimental-computational method
of determining the material functions of the inelasticity theory;

e standard testings of a material for low-cycle and long-term strength,
and also for deformation under the conditions of plasticity and
creep are the basic experiments underlying the experimental-com-
putational method.

The present book sets out the simplest applied variants of the inelas-
ticity theory which can be used in researching the laws governing defor-
mation and destruction of a material on complex nonisothermal loading, in
calculating the kinetics of a stressed-strained state and predicting the serv-
ice-time of high-parameter structures.

The author would like to express his gratitude to Professors R.A. Vasin,
Yu.l. Kadashevich, and I.A. Kiiko for their valuable advices and remarks
made during the preparation of this monograph.

The author will be grateful to all who would send their advices and
remarks to the address given below:

38 Bolshaya Semenovskaya Str., Moscow, 107023, Russia
MGTU (Moscow State Technical University) "MAMI"
The Engineering Mechanics Department

E-mail: tm@mami.ru
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CHAPTER 1
THEORY OF STRESSES AND STRAINS

1.1. Stress Tensor and Its Invariants

An element of a solid is chosen to describe the stressed state at a point of
the solid. This element is represented as a rectangular parallelepiped the
three edges of which do match with the coordinate axes (Fig. 1.1) [16, 17].
This is the way in which the stressed state at a point of a solid is deter-
mined by a symmetrical tensor of the 2nd order:

To=90n Op Oxp=0y, (i,]=123). (1.1

According to the pairing law of the tangential stresses

G =Gji

(,j=1,23i#)). (1.2)

The stress tensor has the following invariants:

11(T,) =03, (1.3)
1 1 2
I (TG)ZEGijGij _E(Gkk) , (1.4)
1 1 1
|3(Tc) =§GijijGH —Ecijcij (Gkk)+g(0kk)3. (1.5)

Here and below, the same indices in the monomial point to summation
over all the values of these indices.

Based on Egs. (1.3)—(1.5), the following expressions can be obtained
for the invariants of the stress tensor:

I(T5) = 611+ On+ 033, (1.6)
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Fig. 1.1. Stressed state model

2 2 2
Iz(T )2_611022_022033_633611"'612"'623"'031’ (1.7)

o
1, (T,) =61,0 05 — 01,0 % — 0,05 — 0505 + 26,0 0 1.8
3\'c nY 2v33 11~ 23 22V31 BY12 12~ 2331 ()

Three different cases of loading a thin-walled tubular model are con-
sidered as an example: by an axial force (P tests), by a torsional moment
(M tests), and by an axial force, torsional moment, and inner pressure si-
multaneously (P, M, and q tests). In the first two cases, uniaxial stretching
(compression) and torsion are realized, and a generalized plane state is real-
ized in the third case. For all the three cases, the stress tensor and its invari-
ants have the following form (axis 1 is directed along the specimen axis):

1) uniaxial stretching (compression)

c, 00
T.=40 0 0;, (1.9)
0O 0O
L (Ty)=0u. 1,(T,)=0, 14(T,)=0, (1.10)
2) torsion
0 o, O (1.11)
T,=106,, 0 O,
0 0 O

1,(T,)=0, 1,(T,)=03, , 14(T,)=0, (1.12)
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3) generalized plane state
T,=40 0 0, (1.13)

Il(Tc)=011+022+033 ,

(T, ) = =110, — G50 — G301y + G (1.14)

I (Tc ) =0640,,05— 0336122.

1.2. Stress Deviator and Its Invariants

The stress tensor 7, can be represented as a sum of two tensors: the
spherical tensor T and stress deviator Dg [16, 17]:

c, 0 O S S S
O, 0+ 1S Sy Sur= 68, +5.  (1.15)
GO

T,=Tg+D,={0
0 0 Sy S» Sg

Here §; is the Kronecker symbol (§; = 1 at i = j, §,

;= 0 ati # j),

1 . . .
Go=§0ii is the mean stress, and s; is the stress deviator component.

Thus, the stress deviator components are defined by
SUZGU_GOSU . (116)

The stress deviator D, has the following invariants:

1,(Dy)=5=0, (1.17)
1

IADJ=§%%' (1.18)
1

IADJ=§%%%- (1.19)

or, expanding Egs. (1.18) and (1.19), one can obtain the following expres-
sions for the 2nd and 3rd stress deviator invariants:

1
IZ(DG)ZE(%i+3222+§3)+%.22+S§3+§1 ' (1.20)



INELASTICITY 185

REFERENCES

10.

Bondar, V. S., Mathematical model of inelastic behavior and damage
accumulation of material, in: Applied Problems of Strength and Plas-
ticity. Methods of Solution, All-Union Interinstitutional Collection of
Papers, pp. 24-28, Gorky: Gorky University Press, 1987.

Bondar, V. S., Mathematical simulation of the processes of inelastic
behavior and damage accumulation on combined mode nonisothermal
loading under conditions of ionizing radiation, Strength Calculations,
no. 29, pp. 23-29, Moscow: Mashinostroenie Press, 1988.

Bondar, V. S., Inelastic Behavior and Destruction of Materials and
Structures on Combined Mode Nonisothermal Loading, Author’s Ab-
stract of Doctoral Thesis (Phys. and Math.), Moscow: MAMI Press,
1990.

Kadashevich, Yu. I. and Novozhilov, V. V., Plasticity theory account-
ing for residual microstresses, Prikl. Mat. Mekh., vol. 22, no.1, pp.
78-89, 1958.

Novozhilov, V. V., On combined mode loading and prospects of phe-
nomenological approach to the study of microstresses, Prikl. Mat.
Mekh., vol. 28, no. 3, pp. 393-400, 1964.

Kadashevich, Yu. I. and Novozhilov, V. V., On taking account for
microstresses in the plasticity theory, Mekh. Tverd. Tela, no. 3, pp.
83-91, 1968.

Bondar, V. S., Theories of plasticity, creep, and inelasticity under
combined mode loading, in: Applied Problems of Strength and Plas-
ticity. Algorithmization and Automatization of Research Works, All-
Union Interinstitutional Collection of Papers, pp. 75-86, Gorky: Gorky
University Press, 1987.

Myachenkov, V. L. (Ed.), Calculation of Engineering Structures by the
Method of Finite Elements: Handbook, Moscow: Mashinostroenie
Press, 1989.

Bondar, V. S. and Frolov, A. N., Mathematical simulation of the
processes of inelastic behavior and damage accumulation under com-
bined mode loading, Izv. Akad. Nauk SSSR, Mekh. Tverd. Tela, no. 6,
pp- 99-107, 1990.

Long, W. D., Variant of the Theory and Some Laws Governing the
Elastoplastic Strain of Materials under Combined Mode Loading,
Author’s Abstract of Candidate Thesis (Phys. and Math.), Moscow:
MAMI Press, 1999.



186

11.

12.

13.

14.

15.

16.
17.

18.

19.

20.

21.

22.

23.

24.

REFERENCES

Bondar, V. S. and Danshin, V. V., Plasticity. Proportional and Dis-
proportional Loadings, Moscow: FIZMATLIT Press, 2008.

Bondar, V. S., Extra isotropic hardening under disproportional cyclic
loading, in: Proc. Int. Conf. "Assessment of Reliability of Materials
and Structures: Problems and Solutions,” pp. 51-58, St. Petersburg:
Polytechnic University Press, 2008.

Bondar, V. S. and Danshin, V. V., Low cycle fatigue under asymmet-
rical rigid and soft cyclic loadings, in: Proc. Int. Conf. "Assessment of
Reliability of Materials and Structures: Problems and Solutions,” pp.
58-62, St. Petersburg: Polytechnic University Press, 2008.

Bondar, V. S. and Danshin, V. V., Mathematical simulation of ratch-
eting under asymmetric cyclic loadings, in: Proc. Int. Conf. "Assess-
ment of Reliability of Materials and Structures: Problems and
Solutions,” pp. 62-66, St. Petersburg: Polytechnic University Press,
2008.

Bondar, V. S., Danshin, V. V., and Gultyaev, V. 1., Mathematical
simulation of the little cycle effect in big, in: Proc. Int. Conf. "Assess-
ment of Reliability of Materials and Structures: Problems and Solu-
tions,” pp. 67-72, St. Petersburg: Polytechnic University Press, 2008.

Feodosiev, V. N., Strength of Materials, Moscow: Nauka Press, 1974.

Malinin, N. N., Applied Theory of Plasticity and Creep, Moscow:
Mashinostroenie Press, 1975.

Ilyushin, A. A., Plasticity. Fundamentals of the General Mathematical
Theory, Moscow: Izd. AN SSSR Press, 1963.

Ilyushin, A. A., Continuum Mechanics, Moscow: Izd. AN SSSR Press,
1990.

Zubchaninov, V. G., Fundamentals of the Elasticity and Plasticity
Theory, Moscow: Vysshaya Shkola Press, 1990.

Birger, I. A. and Shorr, B. F. (Eds.), Thermal Strength of Machine
Elements: Handbook, Moscow: Mashinostroenie Press, 1975.
Likhachev, Y. I. and Pupko, V. A., Strength of the Fuel Elements of
Nuclear Reactors, Moscow: Atomizdat Press, 1975.

Bondar, V. S., Solution of nonlinear problems of combined mode
loading of rotation shells, in: Calculations of Strength and Stiffness,
Interinstitutional Collection of Papers, no. 4, pp. 85-95, Moscow:
Mostankin Press, 1982.

Kadashevich, Yu. 1., On various tensor-linear relationships in the plas-
ticity theory, in: Studies of Elasticity and Plasticity, no. 6, pp. 3945,
Leningrad: LGU Press, 1967.



25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

INELASTICITY 187

Novozhilov, V. V. and Rybakina, O. G., On prospects of modeling
the strength criterion under combined mode loading, in: Strength at
Small Number of Loading Cycles, pp. 71-80, Moscow: Nauka Press,
1969.

Romanov, A. N., Energy criteria of destruction at low-cycle loading,
Probl. Prochn., no. 1, pp. 3-10, 1974.

Bondar, V. S. and Sannikov, V. M., Low cycle fatigue of thin-wall
structures at elevated temperatures, Ext. Abstr. of Papers presented at
1V Scientific and Technical Conf. "Structural Strength of GTE Turbine
Blades,"” pp. 75-76, Kuybyshev, 1976.

Bondar, V. S., Gorokhov, V. B., and Sannikov, V. M., Investigation
of low cycle strength of rotation shells under combined mode thermal
loading, in: Applied Problems of Strength and Plasticity. Mechanics of
Deformable Systems, All-Union Interinstitutional Collection of Papers,
no. 12, pp. 120-126, Gorky: Gorky University Press, 1979.

Bondar, V. S. and Sannikov, V. M., Fatigue and stability of rotation
shells under cyclic thermal loading, Prikl. Mekh., vol. 17, no. 2, pp.
188-121, 1981.

Manson, S. M., Thermal Stresses and Low-Cycle Fatigue, Moscow:
Mashinostroenie Press, 1975.

Dyagtyarev, V. P., Plasticity and Creep of Engineering Structures,
Moscow: Mashinostroenie Press, 1967.

Shishmarev, O. A. and Shcherbo, A. G., Research of some complex
processes of steel loading with unloading, Prikl. Mekh., vol. 18, no. 3,
pp. 65-70, 1982.

Ohashi, Y., Effect of complicated deformation history on inelastic de-
formation behaviour of metals, Memoirs of Faculty of Engineering,
Nagoya University, vol. 34, no. 1, pp. 1-76, 1982.

Vavakin, A. S., Viktorov, V. V., Slivovsky, M., and Stepanov, L. P.,
Experimental Investigation of Elastoplastic Behavior of Steel under
Simple and Combined Mode Cyclic Strain, Moscow, 1986, Dep. at
VINITI no. 2607-B86.

Sosi, D., Damage models under multiaxial fatigue, Teor. Osnovy Inzh.
Rasch., no. 3, pp. 9-21, 1988.

Okhlopkov, N. L., Laws Governing the Processes of Elastoplastic
Strain of Metals under Combined Mode Stressed State and Loading,
Author’s Abstract of Doctoral Thesis, Tver: TGTU Press, 1997.
Novozhilov, V. V., On plastic loosening, Prikl. Mat. Mekh., vol. 29,
no. 4, pp. 681-689, 1965.



188

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

REFERENCES

Kadashevich, Y. I., Theory of plasticity theory accounting for the
Bauscinger effect and influence of middle normal stress on yield
boundary, in: Tr. Leningr. Tekhnol. Inst. Tselyulozno-Bumazhn. Prom.,
no. 18, pp. 234-235, 1965.

Korotkih, Yu. G., Description of material damage accumulation proc-
esses under nonisothermal viscoplastic strain, Probl. Prochn., no. 1,
pp. 18-23, 1985.

Movchan, A. A., Phenomenological description of defect formation
dislocation mechanism under plastic strain, Probl. Prochn., no. 1, pp.
147-155, 1987.

Vavakin, A. S., Mokhel, A. N., and Stepanov, L. P., Investigation of
the Character of Steel 30KhGSA Plastic Strain at Points of Loading
Path Sharp Kink (P-M tests), Moscow, 1983, Dep. at VINITI no.
2895-83.

Korovin, I. M., Experimental determination of stress-strain relationship
under combined mode loading along paths with one kink point, Mekh.
Tverd. Tela, no. 3, pp. 592-600, 1964.

Tanaka, E., Murakami, S., and Ooka, M., Effects of plastic strain am-
plitudes on nonproportional cyclic plasticity, Acta Mechanica, vol. 57.
pp. 167-182, 1985.

Benallal, A. and Marquis, D., Determining equations of viscoelasto-
plasticity for non-proportional cyclic loading, Teor. Osnovy Inzh.
Rasch., no. 3, pp. 68-84, 1988.

Benallal, A., Calloch, S., Laborderie, C., and Marquis, D., Hardening
of metals under cyclic nonproportional loadings in tension—torsion and
triaxial tension, in: Proc. Int. Seminar on Multiaxial Plasticity, pp. 1-
7, Cachan, France, 1-4 September 1992.

Kadashevich, Yu. I. and Mosolov, A. B., On interrelationship of endo-
chronic theory of plasticity with "new" internal time measure under
combined mode cyclic loading, Tekhnol. Legk. Splavov, no. 3, pp. 32—
36, 1990.

Bondar, V. S. and Titarev, I. A., Variant of plasticity theory for pro-
portional and disproportional cyclic loadings, in: Strength and Plastic-
ity Problems, Interinstitutional Collection of Papers, no. 63, pp. 5-17,
Nizhniy Novgorod: Nizhniy Novgorod University Press, 2001.
Bondar, V. S. and Titarev, I. A., Variant of material inelastic strain
and fracture theory under repeated and long-term action of thermal-
force loadings and ionizing radiation, Vest. N. I. Lobachevsky Nizhniy
Novgorod Univer., Ser. Mekhanika, Nizhniy Novgorod: NNGU Press,
issue 1(4), pp. 3949, 2002.



49.

50.

S1.

52.

53.

54.

55.

56.

57.

8.

59.

60.

61.

62.

INELASTICITY 189

Ohasi, Y., Ohno, N., and Kawai, M., Estimation of creep determining
equations for stainless steel 304 under repeated multiaxial loading,
Teor. Osnovy Inzh. Rasch., vol. 104, no. 3, pp. 1-8, 1982.
Averchenkov, B. A., Donchenko, A. S., and Egorov, V. L., On piston
material behavior under thermal loading, in: Increase of Fuel Effi-
ciency and Durability of Automotive Engines, no. 5, pp. 59—68, Mos-
cow: MAMI Press, 1988.

Chaboche, J. L., Dang-Van, K., and Cordier, G., Modelization of the
strain memory effect on the cyclic hardening of 316 stainless steel,
Proc. 5th Int. Conf. on SMiRT, Div. L, Berlin, 1979.

Ishlinskii, A. Yu., General theory of plasticity with linear hardening,
Ukr. Mat. Zh., vol. 6, no. 3, pp. 314-324, 1954.

Prager, W., The theory of plasticity: A survey of recent achievements,
Proc. Inst. Mech. Eng., London, 169.41, 1955.

Amstrong, P. J. and Frederick, C. O., A Mathematical Representation
of the Multiaxial Bauscinger Effect, CEGB Report no. RD/B/N 731,
1966.

Ohno, N. and Wang, J.-D., Kinematic hardening rules with critical
state of dynamic recovery. Part 1: Formulations and basic features for
ratcheting behavior, Int. J. Plasticity, vol. 9, pp. 375-390, 1993.
Chaboche, J. L., On some modifications of kinematic hardening to im-
prove the description of ratcheting effects, Int. J. Plasticity, vol. 7, pp.
661-678, 1991.

Bari, S. and Hassan, T., Anatomy of coupled constitutive models for
ratcheting simulation, Int. J. Plasticity, vol. 16, pp. 381-409, 2000.
Bondar, V. S., Some new results of investigation of material plasticity
under combined mode loading, in: Elasticity and Inelasticity, pp. 94—
109, Moscow: LENAND Press, 2006.

Bondar, V. S., Principle of symmetry of material cyclic properties, in:
Modern Problems of Strength, Plasticity and Stability, Collection of
Papers Dedicated to the Occasion of the 75th Anniversary of V. G.
Zubchaninov, pp. 62-66, Tver: TGTU Press, 2007.

Gusenkov, A. P., Strength under Isothermal and Nonisothermal Low-
Cycle Loading, Moscow: Nauka Press, 1976.

Volkov, I. A. and Korotkikh, Yu. G., Constitutive Equations of Vis-
coelastoplastic Media with Damages, Moscow: FIZMATLIT Press,
2008.

Khazhinskii, G. M., On the theory of creep and durability of metals,
Izv. Akad. Nauk SSSR, Mekh. Tverd. Tela, no. 6, pp. 29-36, 1971.



190 REFERENCES

63. Rabotnov, Yu. N., Creep of Structure Elements, Moscow: Fizmatgiz
Press, 1966.

64. Boyle, J. and Spence, J., Stress Analysis in Structures with Creep,
Moscow: Mir Press, 1986.



	references.pdf
	REFER.pdf




