DNYS "N Y JOJSuR], 189 Jo So[drounig [eonewayiey

Mathematical
Principles
of Heat Transter

K. N. Shukla




Series in Thermal and Fluid Physics and Engineering
Series Editor: G.F. Hewitt

MATHEMATICAL PRINCIPLES
OF HEAT TRANSFER

by

K. N. Shukla

Vikram Sarabhai Space Center
Trivandrum, India

. . begell house, inc
New York « Wallingford (U.K.)



SERIES IN THERMAL AND FLUID PHYSICS AND ENGINEERING
SERIES EDITOR: G.F. HEWITT

MATHEMATICAL PRINCIPLES OF HEAT TRANSFER
K. N. SHUKLA
KN_SHUKLA@REDIFFMAIL.COM

Copyright © 2005 by Begell House, Inc. All rights reserved. This book, or any parts
thereof, may not be reproduced in any form or by any means, or stored in a data base re-
trieval system, without written consent from the publisher.

This book represents information obtained from authentic and highly regarded sources.
Reprinted material is quoted with permission, and sources are indicated. A wide variety
of references are listed. Every reasonable effort has been made to give reliable data and
information, but the author and the publisher cannot assume responsibility for the validity
of all materials for the consequences of their use.

ISBN: 1-56700-221-8

Printed in the United States of America1234567890

Library of Congress Cataloging-in-Publication Data
Shukla, K. N.
Mathematical principles of heat transfer / by K.N. Shukla.
p. cm. -- (Series in thermal & fluid physics & engineering)
Includes bibliographical references and index.
ISBN-13: 978-1-56700-221-8 (hardcover : alk. paper)
ISBN-10: 1-56700-221-8 (hardcover : alk. paper)
1. Heat--Transmission--Mathematics. |. Title. Il. Series.

TJ260.5535 2005

621.402'2'0151--dc22
2005018021

Direct inquires to Begell House, Inc., 145 Madison Avenue, New York, NY 10016.



About the Author

With a Ph.D. in Applied Mathematics, received in 1973 from Banaras Hindu University,
Varanasi, K. N. Shukla has been working as a senior scientist in the Vikram Sarabhai
Space Center, Trivandrum, India. He has over 30 years R&D experience in fluid mechan-
ics and heat transfer, with notable contributions in thermal mathematical modeling,
analysis and simulation, microgravity fluid dynamics, computational fluid dynamics,
phase-change heat transfer, thermal protection systems, heat pipes, drying of solids, dif-
fusion, and reaction. He is a recipient of an Alexander von Humboldt Fellowship at the
University of Stuttgart and at the University of Technology, Munich, Germany. He has
guided Ph.D. theses on numerical characterization and computer simulation of heat trans-
fer in solid rocket nozzles, and several master theses at the University of Technology,
Munich, and Kerala University on high-temperature thermal insulation. He has authored
over 60 publications in archival journals and a monograph on Diffusion Processes During
Drying of Solids (World Scientific, 1990).

As a professional recognition, biographical lines about Dr. Shukla appear in World’s
Who’s Who in Science and Engineering, Who's Who in the World, Who's Who in Asia and
the Pacific Nations, and several other reference books.

K. N. Shukla






Preface

Chapter 1
11

1.2
13

14
15
1.6
1.7

Chapter 2
2.1
2.2
2.3
2.4
2.5

Chapter 3
31

3.2

Chapter 4
4.1
4.2
4.3

4.4
4.5
4.6
4.7
4.8
4.9

TABLE OF CONTENTS

..................................................................................................................................... v
Basic Concepts of Heat Transfer.........ccoiiiiiiiieseee e 1
Basic Modes Of Heat TransTer.........coieiiiiieieseeeee e 1
1.1.1  Temperature field 1
1.1.2  Temperature gradient 2
(@] To [0 Tod £ o o USSR 3
Thermal CONAUCTIVITY .....c.oiviiiiieiiicreec e 3
1.3.1  Thermal conductivities of gases 4
1.3.2  Thermal conductivities of liquids 6
1.3.3  Thermal conductivities of solids ... 8
(0101017 To1 o] o OSSOSO 9
RAIALION ...ttt e 10
Heat Transfer with Change of Phase..........cccvoviviiiiiicie s 11
UNitS and DIMENSIONS .....ovviviieiiitiiieieie ettt 12
RETEIBINCES ...ttt st b ettt nee e 13
ConServation EQUALIONS .........ccciieiiiriiiiinieeese e 15
General Conservation EQUALION ..........c.couieiiiienee e 16
EQUAtion OF CONTINUITY ......ooviiiiiiiiiecee et e 17
EQUALiON OF IMOTION ...t e 20
EQUALION OF ENEIQY ..ottt e 25
S0 [NV To g o) 1= 111 (0] o) S 28
RETEIENCES ...ttt sttt enes 31
Similarity Theory and the Generalized Variables ...........ccccccovviiiiiiiiiiiccciccciens 33
Boundary Value Problem in Generalized Variables:

A Mathematical PreSentation ..........oooiiieiiiieieie e 33
Method of DIMENSIONATILY ......ccveviiriiiiiricec e 39
RETEIBINCES ... ettt sttt ettt b e re s 42
Mathematical Methods for Boundary Value Problems ..o 43
Separation of Variables ... e 44
Integral Transform Method ..........cc.o oo 48
Laplace TransSTOrM ........cooiiiiiiiicee e 49
4.3.1  Laplace transform-fundamental properties 50

4.3.2  Inversion theorem for Laplace transform 52

00T g ST 1 OSSR 55
The Hankel Transform ..o 57
Finite Integral Fourier and Hankel TranSforms..........cccoooiiiiieiineniscice e 57
Limiting Cases of Laplace Transform ..o 61
Green’s Function for the Solution of Heat Conduction............cccceovvervienensenennen, 63
Approximate Methods in the Solution of Heat Transfer Problems.............c..cccvveene. 69



Chapter 5
5.1
5.2
5.3
5.4
55
5.6
5.7
5.8
5.9

Chapter 6.
6.1

6.2

6.3

6.4
6.5
6.6

6.7

Chapter 7
7.1
7.2
7.3

4.9.1  Integral MEthod .........ccoviiiiciecce e 69

4.9.2  Variational Method..........ccoviiiiiiiiie e 72
493 RIZMENOG ...t 77
4.9.4  Galerkin MEthod.......cooiiiiiice e 78
4.9.5  Least-squares Method.........cccoevirieiiiiiie i 79
RETEIEINCES ...ttt sttt s et e e stesbestesbenreaneeneas 82
Numerical Methods in Heat Transfer ... 85
Finite Difference Method ..........oveieiiiiii s 85
Gauss Elimination Method ... 94
Gauss-Seidel Method Of Ieration...........cocviiiiiiiiice e 96
Successive Overrelaxation Method ...t 99
Derivative Type of Boundary Conditions..........c..ccccvevievieieieninsieseeieeseseseese e snens 100
Stability: Analytical Treatment ..o s 104
Convergence: Analytical Treatment..........ccccvviviiieiieiiieie e 109
(@00 0T 0= 11| o1 12T 110
Two-Dimensional Problem of Heat Conduction ............cccocvvvviieninnnencinen 111
5.9.1  Locally one-dimensional method .........cc.ceovevieierenieinnisie s 114
RETEIBINCES ...ttt et st re e e 115
Steady-State Heat CoNAUCTION.........ooviieerice e e 117
Heat Transfer iN @ SIab ... e 117
6.1.1  Dirichlet boundary conditions...........ccoceiiriiiiiineie e 117
6.1.2  Temperature-dependent thermal conductiVity..........c.cceoervriiieiincncncnnn. 119
6.1.3  CompoSite SIaD.......ccceceiiciccc 121
6.1.4  Newtonian boundary conditions...........cccccevivieieniesiesieceeieee e 122
6.1.5  Mixed boundary conditions..........cccceceieiinieiiieie i 123
Heat Transfer through a Cylindrical Wall ............cccoooviii i 123
6.2.1  Dirichlet boundary conditions..........cccoevevriiiiereiene e 123
6.2.2  Temperature-dependent thermal conductiVity.........cccceeveveverevivninnennnne, 125
6.2.3  Composite cylindrical Wall.............cccooiiiiiiiiii e 126
6.2.4  Newtonian boundary CONAItiONS.........ccocervriiirniineneeneee e 127
6.2.5  Mixed boundary CONAItIONS.........ccoveiiiiiiiiiici e 128
Heat Transfer through a Spherical Wall ... 129
6.3.1  Dirichlet boundary conditions...........ccoceririiiniiiine e 129
6.3.2  Temperature-dependent thermal conducCtiVity..........c.cceovrvriiiiiincncnnnnn. 130
Critical Thickness Of INSUIALION.........c.cciiiiiiiieiiie e 132
Heat Conduction through a Thin ROG.........ccccciiiiiiiiicc e 134
EXIENAEA SUMACE ... c.iieieiiiie et 137
6.6.1  Longitudinal fiN........cccveiiiee i 137
6.6.2  Rectangular Profile.........ccccvoiviieieiiii e 138
6.6.3  OptimuM diMENSION.....cciiiiiiiee e 139
6.6.4  Rectangular fin of minimum weight ... 140
6.6.5  Efficiency of the fin ..o 141
6.6.6  Longitudinal fin of triangular profile ..., 142
6.6.7  OptIMUM dIMENSION.....ciuiitiiiiieiieiee et e 143
6.6.8  RaIial fiN...oooiiiiie e 146
Steady Heat FIow in @ RECLANGIE........cccoveieiiiiie e 148
6.7.1  Conjugate fUNCLIONS ......ccveiveiiiiiie e 151
RETFEIBNCES ...ttt bbbttt 156
Transient Heat CONAUCLION .........ccoviiiiiiiiieenie e 157
INFINITE PIALE ..o 157
L) TN I @3 LT T S 167
THE SPNEIE....eeeec s 172



7.4

7.5

Chapter 8.
8.1
8.2
8.3
8.4
8.5
8.6

Chapter 9
9.1
9.2

9.3
9.4

9.5

9.6

Chapter 10
10.1
10.2
10.3
10.4

10.5
10.6

Chapter 11
11.1
11.2
11.3
11.4
115

11.6
11.7

11.8
11.9

5 R o] g I O SRS RSP 181
TA2  FOT T S Lottt nes 182
A T o] g ISP 184
Periodic Variation of Ambient TEMPErature.........cccccceveveveieseeieeese e 188
RETEIBNCES ...t ettt bttt 191
Heat Conduction with Phase Change ........ccccveieiiiiiii i 193
Statement of Problem and Existence of SOIUtion ..o 193
State-of-the-Art SOIUtioN TEChNIQUE .......ccvieeieieee e 196
Solidification of a Semi-Infinite Liquid .........cccoooiiiiiiiiiinnrsesceee e 198
AXISYMMELHIC MEITING ... 200
SPErICaAl MEITING .....civiiiiic s 202
Dynamics of Melt Growth and Axisymmetric Melting...........ccccooeveiiiniiicinennns 202
8.6.1  ENEIQY EQUALION ..ottt 204
RETEIBINCES ...ttt bbbt e e 208
(070 01 Tox 1 o] [ PRSP 211
Hydrodynamics and Thermal Boundary LaYers..........c.cccevevevenesiecieeienesesesvenns 212
Similarity Solution for Boundary LAYerS ........cccceveiereieneieseceeieesese e sve e 216
9.2.1  Skin friction and heat transfer ... 220
9.2.2  Laminar boundary layers by the integral method............ccccccervvvivnivinrnnn. 222
Similarity Solution for Boundary Layers, U= CX™........ccceeevrrerererrererereerererceenenenna, 226
Finite DIfference SOIULION .........cccoviiiieiee s 227
9.4.1  Transient solution for a pipe FIOW ........ccccooiiniiiiiii 233
NaLUrAl CONVECTION ....oveiieeie et 235
9.5.1  Natural convection from an isothermal vertical plate .............ccoccveerennne 236
TUFDUIBNCE ..ttt bbb 238
RETEIBINCES ...ttt bbb bbbt ee e s 242
DiIffUSIVE PrOCESSES ...eviveiiete ettt sttt sttt sttt ettt sttt 243
Conservation EQUALIONS ......c.ccciveiirieie et e ettt e e sn e e sre e 244
Isothermal Ternary SYSIEM .......ccvciciiiiie st sr e 248
Nonisothermal Binary SYSTEM .......ccccvciriieiiririr e 252
Thermohaling CONVECTION .........coiiiiiiieisee e 252
10.4.1 Free boundaries with specified solute concentration

AN TEMPETALUNE. .....veeeieieeeeie ettt 258
10.4.2  DiffuSiVe CONVECTION.....c.ooiiiiie et 260
L0 1T Lo LSS 262
Diffusion Processes in Material Processing and Microgravity Environments ........ 266
RETEIBINCES ...ttt bbbt e b e 266
Radiation Heat TranSfer ........coiiiiiii it 269
RAIAtION INTENSITY ...cvvevviicciccicce sttt es 269
Blackbody RaAIatioN ...........cccviiiiiieicie st 272
SUITACE RAAIALION .....ocviiiiiiie s 274
Environmental RAGIAtION. .........ccoiiiiirieiiiiees s 276
Radiant Interchange between Surfaces Separated
by a Nonparticipating Medium ...........coooiiiiiiiiie s 276
R LY - Tox (o] USSR TPR 277
11.6.1 Evaluation of integral..........ccocooeiiiiiiiiiiiicee e 280
11.6.2 Contour integral representation..........c.ccoeeereienenese s 281
Electrical Network Analog for an ENCIOSUIe...........cccciiiriiiiieicneee e 285
Enclosures with Diffuse Gray SUMFaCES.........ccceriririeiiie e 285
Enclosure with Specularly Reflecting SUrfaces ..........cccccvvviiiesincecicieccce e, 288



11.9.1 Solution for radiative transSTer ........ccccvvvveivi i 290

11.10 Radiative Transfer in @ Plang LAYEr .........cccvvveiveiieieiese e eneas 292
1111 RAIALIVE FIUX woiviiiiiiieice sttt st 292
11.12  Radiation With CONAUCTION .......cceiiiiiiriiise e 296

3 O T I 1 o o= TSP 297

11.12.2 Optically thiN.....cccoiieeiiee e 297

11.12.3 Optically thick limit: The diffusion approxXimation.............c.ccoceevrerrenen. 298

11.12.4 PUIE SCALEEIING .. vt iveeeterteiete sttt sttt 299

RETEIBINCES ...ttt ettt se b b nae s 300

F AN o] 01T 1o [ 5T NSO PSP 301
APPENAIX B bbbttt bbbt bt b e e nb et e b e 305
B.1 Configuration factor for some common SUrfaces .........cccceveveveiesesiennnns 306

IND X oottt bRt R Rt Rt Re bRttt Ee b e 309



PREFACE

This book presents an investigative account of Mathematical Principles of Heat Transfer.
It is concerned with three aspects of heat transfer analysis: theoretical development of
conservation equations, analytical and numerical techniques of the solution, and the
physical processes involved in the three basic modes of heat transfer, namely, conduc-
tion, convection, and radiation. A concept of mathematical modeling is developed
through the use of differential equations. In doing so, the well-posed boundary value
problems are constructed and the solutions are attempted.

The analytical solution techniques, such as separation of variables, Integral transforms,
Green's function, and some approximate methods, e.g., the integral and variational methods,
are described. The finite difference method for the partial differential equation is derived
from the first principle. Convergence of the various difference schemes is established
through solved examples. The stability and the compatibility of the difference schemes are
discussed. For the sake of generality, one chapter is devoted to the similarity theory and the
generalized variables; that enables presentation of the solution in the dimensionless form.
The physical processes involved in the basic mode of heat transfer are described. The
problems of steady and transient heat conduction are presented as boundary value problems
and their solutions are obtained for a variety of geometrical shapes and boundary conditions.
Also discussed is the process of heat conduction during melting or freezing. The funda-
mentals of convection are introduced and the equations for convective heat transfer are
derived. With simplifications introduced by boundary layer approximations and considering
the effects of turbulence, an attempt is made to model actual flow conditions. The process of
free and forced convection is described and the problem of laminar free convection on a
vertical surface is cast as a well-posed boundary value problem. The fundamental concept of
radiative heat transfer is discussed and the method to find the radiative heat exchange
between gray surfaces in an enclosure is outlined.

The text material is organized in such a way as to both give an exposure of practical
thermal problems to applied mathematicians and introduce advanced mathematical tech-
niques used in solving complex thermal problems to engineers. While emphasizing the
formulation of the thermal problems and their solution procedures, the rigors of mathe-
matical abstraction are avoided. In this way, the book attempts to bridge the gap between
mathematicians and engineers. Further, a review of the recent literature on each topic and the
references provided therein will trigger the curiosity of the reader and advance his under-
standing of the subject.

The book, designed for students and the research communities of engineering and
applied mathematics, may also attract a wide range of readership from practicing mathema-
ticians and engineers in industry.

It gives me great pleasure to acknowledge the help that | have received from a great
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number of specialists in the field. | am indebted to Professor R.N. Pandey for introducing me
to heat transfer research. | owe a special debt of gratitude to (late) Professor Thomas Irvine
and (late) Professor Edgar Winter for their interest in my book proposal. | thank Professor
Manfred Groll, University of Stuttgart, and Dr. Jurgen Blumenberg, University of Techno-
logy, Munich, for many fruitful discussions. I thank Dr. A.R. Acharya, Dr. V. Adimurthy,
and Dr. R.C. Mehta for perusal of the manuscript, and Dr. V. Jones, K. P. Khosla, R.V.
Ramanan, and Dr. S.B. Tiwari for their help in the preparation of the manuscript. | also
thank the Alexander von Humboldt Foundation for providing me with a research fellowship
at the University of Stuttgart and the University of Technology, Munich, during the
preparation of the manuscript. I also thank the Director, VSSC, for permission to publish the
book.

I am grateful to Dr. William Begell at Begell House, Inc., publishers, for his interest in
the publication of my book, and to his staff, in particular, Vicky Lipowski, Production
Manager. | also thank the copy editors, D. R. Thompson and P. L. Thompson, for editing the
manuscript before publication.

Also, please note that the utmost care has been taken in checking the lengthy deriva-
tions, but it is quite possible that some of them might have gone unnoticed. | express my
gratitude to the readers in advance for all suggestions for further improvement of the book.

K. N. Shukla
July 22, 2004
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CHAPTER1

Basic Concepts of Heat Transfer

This book presents a descriptive analysis of the mathematical development of heat trans-
fer. In any discussion on heat transfer, it is appropriate to recall the definition of heat. Up
to the beginning of the nineteenth century, heat was considered an invisible elastic fluid,
known as caloric, which could neither be created nor destroyed. Caloric was the first
really useful tool for describing heat transfer processes. Later, Count Rumford (1753-
1814) concluded from his famous cannon-boring experiments that the source of heat gen-
erated by friction appeared evidently to be inexhaustible and cannot be a material sub-
stance. It was extremely difficult, if not impossible, to form any distinct idea of anything
capable of being excited and communicated in those experiments, except that it was mo-
tion. While the caloric description of heat was widely accepted, James Clark Maxwell
(1831-1879) provided a precise description of the mechanism of heat propagation in
gases. By predicting how energy was passed from molecule to molecule during colli-
sions, he showed that heat was really a mode of motion. Thus, the movement of some-
thing from a hot body to a cold body can be called heat. An appropriate definition is: heat
is that which is transferred between a system and its surroundings as a result of tempera-
ture difference only.

1.1 Basic Modes of Heat Transfer

Heat is transferred by three basic modes: conduction, convection, and radiation. In two of
these modes, a medium is required to transfer heat from one point to the other, whereas in
the third mode it is transmitted through empty space as well as through certain materials
transparent to thermal radiation. In reality, temperature distribution in a medium is con-
trolled by the combined effects of these three basic modes of heat transfer, and it is diffi-
cult to entirely isolate one mode of heat transfer from interactions with the other two
modes. However, one mode may be dominant with respect to the other modes and, for
simplicity, one can isolate this mode for analysis while neglecting the influence of the
other two modes. Before giving a brief qualitative description of these three basic modes,
we will introduce the concepts of temperature and its gradient.

1.1.1 Temperature Field

Temperature is a measurement of the energy level within a molecule. A point in a body at
a higher temperature with respect to another point in that body means that the former is at
a higher energy level in comparison to the latter. Thus, the physical phenomenon associ-
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ated with the energy transfer is described by a change of its physical properties with re-
spect to space and time. The temperature at a point in a body is thus described as

T=T(X\Y,z1t) (1.2

Equation (1.1) is the mathematical description of the temperature field of a body that de-
fines the temperature at a point (x,y,z) at any instant of time t.

The scale of measurement of temperature is based on the triple point of water (at which
solid, liquid, and vapor can coexist in equilibrium under its own vapor pressure), which is
used to establish the size of a degree on an absolute temperature scale. This temperature is
defined to be 273.16 on the Kelvin temperature scale. The more familiar Celsius (previously
known as centigrade) and Fahrenheit temperature scales were defined in terms of the ice
point of water, the temperature at which melting or fusion takes place under a total pressure
of one atmosphere. This temperature is 0°C or 32°F and is known to be 0.01 K below the
triple point.

1.1.2 Temperature Gradient

If we join all of the points of a body with the same temperature, we obtain a surface of
equal temperature. This surface is known as an isothermal surface. Thus, an isothermal
surface on a body represents the locus of the points having the same temperature field.
Figure 1.1 shows the isothermal surfaces for the temperature fields T — AT, T, and T + AT,
respectively. These isothermal surfaces cannot intersect each other because no one point
on the body will be at two different temperatures at a time. Intersection of isothermal sur-
faces by a plane gives a family of isotherms on this plane. The family of isotherms pos-
sesses the following properties: The isothermal surfaces do not intersect each other, they
are continuous, and they originate or end at the surfaces or within the body.

Temperature in a body varies only in directions crossing isothermal surfaces. The
temperature difference per unit length is a maximum in the direction normal to the
isothermal surfaces. An increase in the temperature difference in this direction is
characterized by the temperature gradient. The temperature gradient is a vector normal to the

T-AT

Figure 1.1 Isotherms representation
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isothermal surface and is positive in the direction of increasing temperature. It is
mathematically described as

grad T =nodT/on (1.2)

where n is the unit vector normal to the isothermal surface and positive in the direction of
increasing temperature and 0T/on is the temperature derivative along the normal n. The
magnitude of T/on is negative in the direction of decreasing temperature.

1.2 Conduction

Conduction is the mode of heat transfer in which thermal energy is transmitted by direct
molecular communication, without appreciable displacement of the molecules. A com-
mon example of heat conduction is when one touches one end of an iron rod that is
heated at the other end. Conduction occurs through solids, liquids, and gases, and from
one body to another when they are in physical contact with each other. In the conduction
mode of heat transfer, the flow of heat takes place from the region of high temperature to
the region of low temperature. The law of heat conduction originates from the experimen-
tal observation of Joseph Biot (1774-1862), but it was French mathematician, Joseph
Fourier (1768-1830), who formulated the laws governing the flow of heat in solids and it
is attributed to him as Fourier’s law of heat conduction. As per Fourier, the rate of heat
conduction through a solid material is proportional to the temperature gradient across the
material and to the area perpendicular to the heat flow. The rate of heat transfer through a
unit area of an isothermal surface is determined by the relation

q =—nx‘2—;, (Wim?) (1.3)

where a vector quantity g represents the rate of heat flow or heat flux and acts in the di-
rection normal to the isothermal surface. The proportionality constant A is called the
thermal conductivity of the material and is always positive. The minus sign in the right-
hand side of Eq. (1.3) ensures that q is positive because heat always flows from the
higher temperature level to a lower temperature level.

The proportionality law between the flux (heat) and the force (temperature gradient) has
analogues in electrical conduction, mass diffusion, and fluid flow. For example, Ohm’s law
of electrical conduction states that the electric current is directly proportional to the potential
difference, Fick’s law of diffusion in a binary system states that the mass flux of either
component is directly proportional to the concentration gradient and, similarly, Newton’s
law for fluid motion states that stress is directly proportional to the velocity gradient.

1.3 Thermal Conductivity

Thermal conductivity A, which is analogous to electrical conductivity, is a property of the
material. It is defined as an equivalent to the rate of heat transfer between opposite faces
of a unit cube of the material that are maintained at temperatures differing by one degree.
In the international system of units (SI), which is also referred to as the MKSA system, A
is expressed as (W/m K). It is determined from the relation

L

"W (L.4)



These basic units measure quantities that could vary considerably in magnitude. To avoid
awkwardly large or small figures, common prefixes representing multiples of 10 are
given in Table 1.7 for Sl units.
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