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READER’S NOTE

“I am an old man now, and when I die and go to heaven there are two matters on
which I hope for enlightenment. One is quantum electrodynamics and the other is the
turbulent motion of fluids. And about the former I am rather optimistic .”

Sir H. Lamb, 1932 [99]

This monograph present a review of methods that exist for describing the structure of a turbulent
flow and the behavior in the flow under various conditions of the average velocity, variance of the
velocity pulsations, one-point and two-point correlation moments of various orders, integral scales
and microscales, spectral distributions. The turbulent motion often demonstrates a lot of peculiari-
ties because of the reason that the integral correlation scale is comparable to the characteristic size
of the flow.

There is a problem of closure of equation sets that describe the turbulent flow. Methods of
solving the closure problem in the continuum mechanics are considered: when the free path is
short, and especially in transport process descriptions with a finite free path. Analogies are found
for many approximations introduced to describe the turbulent flow; the fruitfulness of the kinetic
approach is advocated.

Methods of statistical modeling of various level of complexity are considered as the more de-
tailed investigation of the turbulent flow structure is being pursued. The book elaborates on models
of the mixing path theory; those are models that use equations for energy and the turbulence dissi-
pation, and equations of transport for the components of a second-order correlation tensor.

It is demonstrated that the nonlocal nature of the transport is caused by a relatively large ratio of
the integral correlation scale to the characteristic size of the flow. Taking into account the diffusion
of the two mentioned values permits to derive a more flexible relationship between the stress tensor
and the strain rate tensor the principal axes of which may be of different directions. This makes
the transport processes strongly anisotropic, where lateral gradients may cause diffusion flows to
appear in the field homogeneity direction. The effects of the nonlocal transport are demonstrated
by a number of problems:

• development of a planar wake after a cylinder, where an “apparent negative turbulent vis-
cosity” effect appears;

• a diffusion stage of the development of a turbulent wake behind a body that moves in a
stratified medium;

• peculiarities of turbulent transport in a vortex core;

iii
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• turbulent diffusion of momentum and heat in a planar flow for an atmosphere layer of a
constant friction stress and heat flux.

The construction of a transport equation for determining the integral scale of turbulence is dis-
cussed. In this regard, a model of the spectrum for a homogeneous isotropic field is identified and
rules of similarity for it are formulated.

A set of kinetic equations for the probability densities in one-point and two-point description
is used to derive an equation set for one-point and two-point second-order correlation moments.
A set of Fokker-Planck-type approximate equations is employed. A method for introduction of
relaxation times is described. A connection is established between constants in semi-empiric
equations for the moments with the Kolmogorov spectral constant. An example is discussed of
attenuation of a homogeneous isotropic turbulence.

The book presents experimentation results on the behavior of a turbulent flow under the influ-
ence of a vorticity created by rotation of a tube with respect to its longitudinal axis; on the behavior
of spectral distributions which correspond to the second, third, and fourth-order moments; on the
behavior of one-dimension and joint probability densities. The applicability of the assumption of
the fourth-order cumulants being equal to zero is discussed (a Millionschikov approximation). Pe-
culiar features of the behavior of the joint probability densities at abnormal values of the pulsations
are addressed. Results obtained in Moscow Physical and Technical Institute are used.

Although some problems receive only a cursory attention, this approach seems even useful for
the reader in order to get a more thorough comprehension of the behavior of a highly dynamic
turbulent flow under various changing conditions. Bibliographic references are given for further
studies on problems of choice. The book provides a list of issues which are important for the im-
provement of the semi-empiric theory of turbulent transport but not yet investigated to a sufficient
extent.

In short, the objective of this book is a propaganda of usefulness of the kinetic approach in the
construction of methods for describing turbulent flow properties.

First chapter discusses general models of continua used in the turbulence theory. Analogies
with a molecular transport in a continuous medium are developed. A stress tensor is introduced,
balance equations for the mass, momentum and energy fluxes are presented. This set of equations
is not yet closed. Its closure is based on models of the medium: a perfect fluid, a viscous fluid, a
stress-relaxation medium.

Second chapter presents a description of the behavior of a gas medium based on the kinetic
theory, a Boltzmann equation. This chapter is important from the standpoint of an analogy between
a turbulent and a free molecular flow. Equations of transport for various order moments of the
velocity field are given (Maxwell’s equations): mass, momentum, energy, the components of the
stress tensor. A kinetic equation model in the relaxation approximation is discussed. The short
free path means a nearly equilibrium state. An appropximate solution of the kinetic equation is
provided. Expressions for diffusion fluxes of a “gradient type” are presented.

Third chapter is dedicated to ε-models of turbulence. It analyzes a dissipation rate equation
and suggests new approximations of terms in the equation for ε. Further, equations for second
and third moments are given where the effect of volume forces is taken into account directly,
which has not been done in other publications. This makes it possible to derive new equations of
the turbulent motion for rotating flows and employ them to describe experimental results. Third
part of the chapter deals with applications of the developed semi-empiric theory to descriptions of
rotating flows in channels. General equations in cylindrical coordinates are derived for the second-
order and third-order moments. General formulations for differential and algebraic models are
discussed.
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Fourth chapter deals with a homogeneous isotropic turbulence based on the approach of a local-
isotropy theory by Kolmogorov and Obukhov. The chapter presents contemporary results on a
generalized model of spectral distribution for an isotropic field. There is a description of a spectral
transport model, of a von Karman model approximation for the shape of the spectrum, an extended
von Karman (EVK) model for the spectrum in a homogeneous isotropic field, its similarity proper-
ties, and an EVK model for a scalar field. The spectral models are a basis for the theory of spectral
models of inhomogeneous turbulence, which is currently being developed by Harlow and Orzaga
schools in USA.

Fifth chapter discusses semi-empiric turbulence models based on a set of equations for the
pulsation moments of velocities. These equations are the basis for the method of statistical mo-
ments: SM-1 of first order, SM-2 of second order, and SM-3 of third order. Approximate models
of closure based on an hierarchy of relaxation times are discussed. The natural method of clo-
sure is the Millionschikov hypothesis that fourth moments can be expressed via second moments.
A local-balance hypothesis is used; under this assumption, algebraic equations can be used for
second-order and third-order moments. Those form the basis for a differential model (DRSM)
and an algebraic model (ARSM). A problem of a parallel flow with a constant shift of velocity is
under consideration; the object of study is the behavior of the second-order moments depending
on the magnitude of the shift. The ARSM model is used; Rodi’s approximation is employed to
take account of the rapid convection and diffusion processes. The Langevin equation for a one-
point probability density function takes into consideration the effect of a lift in the shear flow that
acts on a pulsating “mole”. The solution is in good qualitative accordance with experimental data
and Launder’s solution. Further, similar approximations are used to consider turbulent diffusion.
Approximations are used that have been introduced for the description of the diffusivity, based on
its being proportional to the structural function and the two-point relaxation time. If the distance
between two points is small, the diffusivity value is proportional to the squared distance, and if the
distance is big, it is proportional to the product of the integral scale and the pulsation velocity. In
the inertial interval of the distances, it follows the “4/3” law by Richardson.

In addition to the method of moments that follows from the Navier–Stokes equations, an equa-
tion for the probability density function (PDF) can be also derived. Therefore sixth chapter dis-
cusses the derivation and applications of a model equation for the probability density in the semi-
empiric theory of turbulent transport. This equation plays the role of a kinetic equation in the
turbulence theory for the probability density of pulsation fields (Monin, Lundgren, Ievlev). In
addition to the one-point density, a model equation for the two-point pulsation probability den-
sity is considered, which has the form of a Fokker–Planck equation. Methods for closure of the
moment equation set are discussed, together with the example of attenuation of a homogeneous
isotropic turbulence in a flow behind a grate. The PDF equations contain the relaxation times for
which approximations and relationships between the model’s constants are discussed and a link is
established to Kolmogorov’s spectral constant. Results are presented on the behavior of the joint
probability density of the pulsation field in a turbulent flow. An isotropic flow behind a grate is
investigated; a comparison is made to the Gaussian distribution; the behavior of the pulsation’s
joint probability density is analyzed. Discussed examples include flows in a jet and in a tube; an
analysis of intermittency effects is given by the example of a jet flow. An example is presented of
the behavior of spatial correlation functions; a comparison is made with Millionschikov’s hypoth-
esis. There is a discussion on the importance of a nonlocal description of transport processes and
some unresolved problems in both theory and experiments.

The next chapter deals with cases of anisotropy of the turbulent transport under external actions
on the turbulent flow; the discussed example is a turbulent diffusion wake in a stratified medium.
This case is a wake limited vertically; similarity rules are under consideration. Another example
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is a turbulent motion in the bottom layer of the atmosphere, in a layer of constant friction stress
and constant heat flux. The problem is based on a set of equations for the second-order moments.
Asymptotic laws for an unstable, neutral, and stable stratification are investigated; the role played
by the transport’s anisotropy is analyzed.

The non-local nature of the turbulent transport is studied by the example of the development of
turbulence in a planar wake where the phenomenon of “negative” viscosity manifests itself. The
numerical modeling is based on transport equations for the third-order moments.

Tenth chapter is dedicated to processes in a viscous sublayer and intermittency in the wall
area. Approaches are discussed where a Loytsiansky influence function is introduced to express
the dependence of the turbulent viscosity coefficient: a relationship is introduced where the in-
termittency coefficient depends on the value of the local Reynolds number. The possibility of
introducing an “hierarchical” model is discussed, which could produce approximate estimations
for the anisotropy coefficients, the spectrum and the scales based on a solution for velocity, energy
of pulsation motion K, and dissipation rate ε. Ways to develop and improve a kinetic model for
the description of turbulent transport are also discussed. The standard k-ε model has a singularity
on the wall in the boundary layer. To remove the singularity, it is suggested to take into account
the important parameters of the viscous sublayer: dynamic velocity v∗ and viscosity ν. This ap-
proach means essentially the derivation of a new form for the wall influence functions. Further
from the wall the equations become standard k-ε equations. An attempt is made to identify the
wall influence functions with a function for the intermittency coefficient. Next, the development of
an “hierarchical” model of turbulent transport is discussed. We try to use an expression suggested
by Loytsiansky for the turbulent viscosity coefficient, which takes into account the molecular and
molar interaction in the flow, as a relationship for the intermittency coefficient that depends on the
local Reynolds number (the value νT /ν). A comparison is made to data available for the external
part of the boundary layer, the external part of a round free jet, and a wake behind a cylinder.
There seems to be a qualitative conformance. Equations derived by using the one-point intermit-
tency PDF are in accordance with those given in publications.

Eleventh chapter elaborates on models to describe the turbulent motion in cylindrical tubes and
vortex flows. The object of study includes mechanisms of turbulent transport in the vortex core and
the role played by the anisotropy of the transport that causes a reduction of radial diffusion flows; in
particular, the development of a thermal wind in atmosphere is investigated. Unique experimental
results are presented: the behavior of characteristic parameters of a turbulent flow in the conditions
of vorticity appearing in a rectilinear round tube that rotates with respect to its longitudinal axis;
and a reduction of the pulsation energy and the friction stress along the flow. Results of hot-wire
experimental studies are presented; they concern second, third, and fourth moments of spectral
distributions. Anm approximate similarity in the energy-containing interval is demonstrated. The
theoretical description is based on a semi-empiric ARSM model for a turbulent flow where the
effect of rotation is taken into account. Using the one-point PDF equations, equations of the
ARSM model were derived in the boundary (thin) layer approximation taking into account the
effect of rotation on the coefficients of “turbulent viscosity”. The effect of rotation is also taken
into consideration on the values of fluxes of the pulsation motion energy and the dissipation rate.
Simplifying assumptions are made in order to make the model feasible. The wave motion in some
turbulent flows is also under study. Results of experimentations on the equilibration of fields in a
turbulent flow inside a tube with strongly asymmetric data at the inlet are presented. A comparison
is made to the concept of wave motion of perturbations in a turbulent flow.

Twelfth chapter discusses the numerical modeling of turbulent flows with rotation in channels.
The derived ARSM model in the boundary layer approximation is used to analyze the behavior
of a rotating flow of two mixing jets in a cylindrical mixing chamber, and so on. In order to
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stabilize the calculation process, a re-calculation of the longitudinal velocity field is performed on
the basis of the flow rate conservation condition; a boundary condition that corresponds to the “law
of wall” is used. The initial conditions (at the inlet) are set on the basis of experimental data for the
longitudinal and azimuth components of the velocity and the pulsation motion energy; Prandtl’s
formula is used to set the conditions for the dissipation rate. An approximate solution has been
obtained by setting the longitudinal pressure gradient to zero; all functions are in good qualitative
correspondence with the relationships obtained experimentally. By using the dissipation rate as
a parameter and varying the constant factors at the rotation influence functions we can achieve a
stable calculation process for a given length of the flow and a better correspondence between the
experimental and calculated results. In addition, rotating flows in a conical diffuser and in a tube
with an elbow are considered.
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INTRODUCTION

Turbulent flows are a fundamental phenomenon as they can be widely encountered in both the
nature and engineering: nebulae of stars, motion of water in the rivers, atmospheric fronts, motion
of air as the aircraft fly or vehicles move on the roads, motion of gas and oil in pipelines, motion of
the air-fuel mix in internal combustion engines of vehicles and aircraft, compressors, fans, vacuum
cleaners – all demonstrate turbulent motion. In spite of the many centuries of the usage and studies
of the phenomena, we are still far from an adequate description and understanding. In some cases
the turbulent motion is a desired result that facilitates the process; the examples comprise a range
of phenomena from stirring tea in a cup to flow control systems and devices that make the flow
laminar when the turbulent motion is undesirable.

The latter cases include craft that move at a great speed but with a small resistance of the
medium. The nature demonstrates examples where fish have developed devices not yet repro-
ducible by human technology. Some fish swim at a great speed which corresponds to a hypercrit-
ical Reynolds number where turbulence ought to take place but the resistance is nearly as low as
laminar. The reason why the resistance of the fish is low seems to be their integument that reduces
the resistance due to an effect similar to Toms’ and to “feedback” effects where the integument
of a moving fish adjusts its shape dynamically so as to suppress vortices which agitate the water
flowing around. This example shows how much is yet to understand and apply in the control of
the turbulent flow.

The goal of the turbulent flow studies can be formulated as turbulence flow control. The first
step is to understand the nature of turbulence. In spite of a long history of research in fluid and gas
mechanics and its seeming simplicity in comparison with microphysics, first cornerstones in the
foundation of understanding of the turbulence phenomena were laid nearly at the same time when
quantum mechanics, special relativity theory, quantum electrodynamics and laser physics were
created, all the latter being acknowledged achievements of XX century. The science of turbulent
motion in continua is based on a combination of stochastic and determinate phenomena. On one
hand, at the first glance a turbulent flow seems to be totally stochastic: no two equal snapshots of
the flow can ever be made. On the other hand, some integral properties remain the same with a high
degree of accuracy: the flow rate, the logarithmic velocity profile etc. Sophisticated mathematical
descriptions of turbulent flows make some researchers think the problem is mathematical in the
first place, therefore more complicated equations, closure methods, computational schemes must
be involved, more computing power needs to be employed etc. To the great surprise of the follow-
ers of this opinion, there are results beyond understanding when a more complicated model has a
worse correspondence with the experiment than a simpler one. Speaking generally of the corre-
spondence between experiments and theories, it should be noted that the experimentation usually
involves geometries and conditions other than numerical modeling. To remove this contradiction,

xi
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the conference of 1999 at Karlsruhe decided to define five classic cases of turbulent motion (a
flow with a sudden expansion, a flow in an elbow etc.) so that further experiments and theories
of turbulence were first to be tested on these models and only then, after proper conclusions are
made, to be applied to other cases.

We would like to emphasize a few ideas which actually formed a basis for this book. First:
the understanding of turbulence should be based on ideas of physics. Second: most conservative
values are moments of stochastic functions. For example, first moments define average values
such as the average flow velocity and the respective flow rate, second moment defines the friction
in the turbulent flow which is responsible for the integral balance of forces, say, in a pipe or in
a channel. Those are actually observable physical quantities. Higher moments, not accidentally,
have less significant physical meanings. The similar roles are played by the moments in the kinetic
gas theory. However, in the latter the presence of a small parameter, Knudsen number, helps
identify two characteristic times: hydrodynamic and kinetic one. This allows, in most cases, to
use a hydrodynamical description of phenomena via equations for first moments of the velocities.
Turbulence has no explicit parameter like this; however, analysis of experimental works and a
“direct computational modeling” of turbulence show that

1. moments of the same order have similar transient and relaxation times;

2. there exists an hierarchy of times: the greater the moment’s order, the shorter the relaxation
time;

3. in order to study the processes on characteristic hydrodynamical time intervals, we can
assume the higher moments are in local equilibrium with the flow;

4. due to the equilibrium, of special significance are expressions of the higher moments via
the lower ones, or their derivatives with respect to the coordinates; such relations include
differential expressions of second moments via the derivatives of the first ones (a Boussi-
nesq assumption) and algebraic cumulant expressions of fourth moments via second ones (a
Millionschikov approximation);

5. the turbulent flow is closer to the motion of a dilute gas in the kinetic theory of gases when
the free path is not much shorter than the characteristic size of the area; an anisotropy in
the turbulent transport appears due to this – the gradient of the thermodynamic force in
one direction causes a flux in the other, and a “negative viscosity” arises – the signs of the
Reynolds stresses do not correspond to those of the local vorticities of the flow, i.e. the
relations between the gradients and the forces become nonlocal.

The mathematical description of the turbulent motion of a medium has much in common with
the kinetic description of dilute and solid gases. Just as the kinetic theory of gases, the turbulence
theory has two general approaches to the description of motion. First approach is based on the
Liouville equation for the particle ensemble distribution function. Its counterpart in the statistical
theory of turbulence is based on an equation for the probability density function. Second approach
(being the first historically) is based on equations for the moments of pulsation values. In this
approach, the PDF (Probability Distribution Function) equation is a counterpart of Boltzmann’s
equation in the kinetic theory of gases. Navier–Stokes equations can be used to derive equations
for the moments of second, third and higher orders. They are a chain of connected equations. The
procedure of closure, i.e. getting a closed equation set, is based on an hierarchy of the characteristic
times, similarly to the closure in the kinetic theory of gases. It is known that the Boltzmann kinetic
equation describes a kinetic phase of processes with the characteristic times of the order of the
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mean free time. When averaged, the Boltzmann equation produces a motion equation (Euler or
Navier–Stokes) that describes the hydrodynamical phase of the process, i.e. the phase that has the
characteristic time of the order of the hydrodynamical time. It means first-order moments have
a slow characteristic time. Higher-order moments become steady-state in a significantly shorter
time. This idea, based on the hierarchy of times for higher-order moments, manifests itself also in
turbulence: higher-order moments come to their steady state faster than lower-order moments do,
and after a fast time there appears a parametric dependence of them on some integral quantities
such as the local vorticity of the flow, average values of external forces etc. Further below we will
deal with both approaches to the description of turbulence.

This book presents methods for describing average one-point and two-point, correlation and
spectral characteristic functions of a developed turbulent flow in an incompressible medium. There
is a discussion on the analogy with the molecular transport at a finite mean free path, on methods of
closure and descriptions of flows based on the kinetic approach. Statistical models are presented
for moments of various orders. A semi-empiric set of kinetic equations for one-point and two-
point probability densities is employed; the equations are similar to those of Fokker–Planck. A
discussion is provided on a nonlocal nature of transport in the turbulent diffusion process and on
the anisotropy of transport caused by a difference in the directions of the principal axes of the
stress tensor and of the strain rate tensor. Methods of solution are demonstrated by the example
problems of the development of a turbulent wake in a homogeneous or stratified medium, and of
peculiarities of the diffusion in a vortex core or in a rotating flow.

The following monographs are recommended for reading together with this book: Monin A.S.
and Yaglom A.M. [136]; Hinze J.O. [70]; Batchelor G. [11]; Landau L.D., Lifshitz E.M. [100]; all
those contain detailed derivations for many of the relationships found in this book.





CHAPTER

ONE

MODELS OF CONTINUOUS MEDIA

The turbulence can take place in various media described by various models. This book deals with
turbulent motions in continuous media only, but the volume and surface media can be different.
This chapter discusses various models of continua; it is based on monographs [75, 100, 115, 174].
It is essential for understanding how turbulent phenomena manifest themselves in media described
by various models.

1.1 NOTATION

Hydrodynamics is a branch of continuum mechanics that studies spatial and time variations of
fields, therefore basics of tensor algebra will be necessary for the presentment.

The following designations will be used in connection with hydromechanics:

ab⇔ aibk is a second-rank tensor;
σ↔ σik is a second-rank tensor;
T = T a + T s is a division of a tensor into symmetric and asymmetric parts;
∇ · a means div a;
∇ · σ means div σ;
u is velocity or specific momentum;
ρ is density of the medium (gas or fluid);
T is temperature;
u is specific internal energy of the medium;
h is specific enthalpy of the medium;
s is specific entropy of the medium;
cm = ρm/ρ is specific concentration of component m;
nm = Nm/V is concentration of component m;
ik is mass flux of component k;
q is heat flux;
σ is viscous stress tensor;
ν is kinematic viscosity;
µ = νρ is dynamic viscosity;

1
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λ is heat conductivity factor;
kr is rate of chemical reaction r = 1 . . .R.

Dimensionless parameters are:

Re = UL/ν is the Reynolds number;
Pr = ηcp/λ is the Prandtl number;
Le = ρD/λ is the Lewis number;
Sm = ν/D is the Schmidt number.

The CGS system of units is used principally, though it can be easily converted into SI when
electromagnetic processes are not taken into consideration.

1.2 BALANCE EQUATIONS FOR MASS, MOMENTUM AND ENERGY

The continuous medium model assumes that an infinitesimal volume of the medium is much larger
than the characteristic structural sizes of the matter (the size of particles, the distance between the
particles, the mean free path, the effective range of the particle interaction potential).

The quantities sought for in hydromechanics are local mass-average velocity of the medium,
temperature, density, pressure, specific internal energy, specific enthalpy, specific entropy, spe-
cific concentrations of components, volume concentrations of particles. Other sought-for values
include fluxes which comprise mass fluxes of components, the heat flux, the radiation heat flux,
the viscous stress tensor. Transport coefficients such as viscosity, diffusivity, electric conductiv-
ity, heat conductivity, and constants of chemical processes are assumed to be given functions of
temperature and pressure.

A full set of hydromechanics equations contains a continuity equation, component diffusion
equations, motion equations, and an energy equation. In addition, the equation set must be com-
plemented by expressions of thermodynamical functions, a state equation, expressions of constants
of chemical reaction rates, component mass fluxes, an energy flux, a momentum flux, and expres-
sions of transport coefficients.

It is most convenient to use specific quantities in order to describe hydrodynamical fields, i. e.,
quantities per unit of mass.

The behavior of a continuous medium is defined by dynamic forces and an extent to which the
medium is compressible. From the hydromechanics viewpoint, the behavior of equally compress-
ible media is the same in spite of different physical states. For example, both fluid and gas behave
in the same way at velocities much less than the sonic speed.

1.2.1 Continuity equation

Let us imaginably bound a fixed volume in a medium, through which a gas is flowing (see
Figure 1.1). The amount of mass in this volume is equal to the integral of the gas density over
the volume:

M =

∫
ρdV.

The variation of the mass with time in this bounded volume is caused only by inflow and outflow
of the matter. Both processes are defined by the surface integral of the mass flux:

d
dt

∫

V

ρdV = −
∮

ρu · dS.
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