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The monograph provides a systematic consideration of diverse problems of thermal
radiation in disperse systems. A set of problems discussed in some details includes the
thermal radiation of two-phase combustion products in rocket engines, the spectral
radiative properties of advanced thermal insulations, the microwave thermal radiation
of disperse systems on the sea surface, and the thermal radiation in a multiphase me-
dium, formed in the case of hypothetic severe accident of a nuclear reactor. The theo-
retical models developed by the authors are mainly based on the Mie theory for the
radiative properties of single particles and approximate methods for the radiation trans-
fer in anisotropically scattering media. The experimental characterization of dispersed
materials like foams, porous ceramics, fibrous and nanoporous insulations is based on
directional-hemispherical measurements in a wide infrared spectral range and the
mathematical identification procedure for the material radiative properties.

A wide use of simplified theoretical models and relatively simple computational and
experimental procedures form the so-called engineering approach which appears to be
very useful in solving many practical problems. The examples for the solutions of
several particular problems are also presented in the book. Therefore, this book can be
considered as a manual on applied radiative and combined heat transfer problems. It is
destined for students, engineers, and researchers in the field of heat transfer. Numerous
references presented in the book enable an interested reader to undertake a further
study of specific thermal radiation problems in disperse systems.

Dombrovsky L.A.
Baillis D.

There are only two ways to live your life.

One is as though nothing is a miracle.

The other is as though everything is a miracle.

Albert Einstein
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Preface

A number of technological processes and natural phenomena are accompanied by heat
transfer concerned with media thermal radiation. Generally, thermal radiation is
thought to be relevant only at high temperatures. This widespread error is easily over-
come if we recall, for example, that the weather and climate on our planet are mainly
determined by thermal radiation of cloudy atmosphere and the Earth surface. Few peo-
ple are aware that the quality of an ordinary sleeping-bag is connected with changing
of radiation transfer conditions in a fibrous material.

In the examples mentioned, as well as in many other cases, thermal radiation emis-
sion, absorption, and scattering take place in a medium containing numerous particles
of size comparable with the radiation wavelength. Such media are customary called the
disperse systems. One has to solve radiation heat transfer problems for disperse sys-
tems in highly different applications such as heat transfer in solid propellant rocket
engines and solar chemical reactors, characterization of advanced composite coatings
and highly porous thermal insulations, microwave remote sensing of the ocean surface
with breaking waves, and spacecraft thermal control by use of a liquid droplet radiator.
The geometrical scales of particles, bubbles, and pores in the above mentioned thermal
radiation problems and in many other problems may vary in a very wide range —
from nanometers in some advanced materials to several millimeters or even greater in
the microwave applications. As a result, both the experimental technique and theoreti-
cal modeling should be based on a general physical analysis of electromagnetic waves
interaction with single particles and adequate description of the radiation propagation
in complex disperse systems. It goes without saying that direct simulation of the radia-
tion emission, absorption, and scattering based on the first principles is impractical at
the moment and one should find alternative engineering approaches by using the
known solutions to some simplified problems. Of course, a correct choice or elabora-
tion of an approximate model which is appropriate to the problem to be solved de-
pends on personal skill and experience of a researcher in this field. In our book, we
were trying to do our best to help our young colleagues in improving their knowledge
and qualification in thermal radiation problems specific for various disperse systems.

One should remember the usual error of some people who are starting to work in
heat transfer modeling. They think that all the problems can be solved by more and
more computational skill in combination with great possibilities of the present-day
supercomputers. We have several arguments which show that this ambitious point of
view is not correct:

• In many problems, radiative heat transfer is not a sole transfer mode and it
should be considered simultaneously with the conduction and convective heat
transfer. The complex hydrodynamic processes and phase change in the medium
components makes a rigorous mathematical statement of such transient combined
problems too complicated for the direct numerical simulation.
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• The spectral radiative properties of substances are not well-known especially at
very low or high temperatures as well as in the regions of extreme values of
other physical parameters. The uncertainties in these properties limit the resulting
accuracy of the radiation field calculations and make the use of detailed numeri-
cal simulation to be not so important.

To our mind, the understanding of physics and the use of relatively simple theoretical
models are very important components of the engineering approach to experimental
and computational study of thermal radiation in disperse systems.

The known textbooks on thermal radiation are not focused on detailed analysis of
radiative properties of various disperse systems and do not give practical examples of
solving the radiative and combined heat transfer problems. In this book, we were try-
ing to bridge a gap between the ordinary university education and the research and
engineering work. The contents of the book is determined by research and teaching
experience by the authors in this field. To make reading easier, we avoid detailed
derivations and give the minimal mathematical transformations. All these details can
be found in the referenced archive papers.

Of course, the analysis of some problems considered in the book is not so detailed.
A reader could find these sections as a kind of starting points which still await his or
her further research contributions. But we hope that our efforts were sufficient to pave
the way for engineers and researchers in the field of thermal radiation and combined
heat transfer in disperse systems. By including a large number of references for further
reading, the book may also be used as a reference book by the practicing engineer.

The authors are grateful to the colleagues Wojciech Lipin′ski, Jaona Randrianalisoa,
Remi Coquard, Herve Kamdem Tagne, Sylvain Lallich, Mathilde Loretz, Aurélie
Kaemmerlen, Ségoléne Gauthier, Luis Moura, and Mikhail Davydov for their contribu-
tion to the studies presented in Sections 1.5.3.1, 1.7.2, 3.3–3.9, and 4.11 of the book.
The interest to our joint project and support by professors Jean-Francois Sacadura,
Dany Escudie, Truc-Nam Dinh, Leonid Zaichik, Yuri Zeigarnik, and Alexander Leon-
tiev is much acknowledged.

x L. A. Dombrovsky and D. Baillis



Introduction

The physical basis of the majority of solutions considered in this book is the notion of
radiation transfer in an absorbing and scattering medium as some macroscopic process,
which can be described by a phenomenological transfer theory and radiative transfer
equation for spectral radiation intensity. It is of great importance that the problems, to
which the radiation transfer theory can be applied, are quite numerous and contain
thermal radiation of various disperse systems. In the book, we use the following main
assumptions concerning disperse system properties and radiative transfer:

• Radiation propagation is more rapid than any change of physical parameters,
therefore the radiation intensity field is quasi-steady;

• Radiative properties of the medium do not depend directly on the radiation inten-
sity, but they vary only with temperature;

• Wave polarization can be ignored in radiative transfer calculations;
• Radiation scattering is not accompanied by any frequency variation.

In many (but not all) cases, we assume also that characteristics of absorption and
scattering of radiation by a small (elementary) volume of the disperse system can be
determined from the properties of single particles regardless of any collective effects.
The last assumption simplifies the problem, and gives also a chance for direct investi-
gation of the medium composition influence on thermal radiation transfer. The restric-
tions occurring from this assumption are usually not as significant, as might seem,
since the assumption about small collective (dependent scattering) effects remains
valid up to a high enough particle concentration.

The radiation transfer theory has been developed by a number of famous scientists
working in the physical optics, astrophysics, nuclear reactor theory, and heat transfer
theory. The mathematical theory was created containing up-to-date analytical and nu-
merical methods. Numerous particular publications dealt with computational methods
applied to radiative transfer problems. Together with the development of the radiation
transfer theory, significant achievements took place in theoretical investigations of par-
ticle radiative properties for various disperse systems. Properties of particles compara-
ble with the wavelength turned out to be diverse and complex. Many applied
investigations and well-known monographs were published on this subject. In order to
solve the practical problems of thermal radiation in disperse systems, one needs to
combine achievements of both the scattering theory and radiation transfer theory. A
reasonable choice of the method for solving the radiative transfer equation depends
upon the medium properties. On the other hand, the requirements for completeness and
accuracy of single particle properties are determined by essential precision of radiation
flux calculations. This was also reflected in the book.

While solving many practical heat transfer problems, one should take into account
not only the thermal radiation but also heat transfer by conduction and convection in
the medium. Most general problems of combined radiative-convective heat transfer are
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very complicated and their solution is possible only by employing approximate compu-
tational models for radiative transfer. Therefore, more attention was given to errors
resulting from these approximate models.

As the measurements of radiative characteristics of diverse dispersed materials are
very important to develop and validate appropriate theoretical models, a special em-
phasis is put on recent overviews of experimental characterization of spectral radiative
properties of disperse systems and comparison between experimental and theoretical
results. The examples of the simultaneous use of both theoretical analysis and experi-
mental identification to understand unusual radiative properties of quite different po-
rous materials of complex morphology are expected to be interesting for potential
readers to know the complete set of tools employed in this field.

It is natural that the choice of material for this book corresponds to the field of
practical work by the authors. The book is divided into four chapters. Chapter 1 deals
with computational models for radiative transfer in disperse systems. The main atten-
tion is given to simple approximate models, both traditional and modified, which have
a clear physical sense and enable one to derive some useful analytical solutions to
classic problems. Computer codes based on these approximate models for radiative
transfer are widely used in engineering practice especially in combined heat transfer
calculations. The error of various approximations is analyzed in some details by com-
parison with exact analytical and numerical solutions. Approximate models presented
in Chapter 1 form a basis of solutions obtained for applied problems considered in the
book. A detailed numerical simulation of radiative transfer using the discrete ordinate
method and the Monte Carlo procedure as applied to disperse systems is also dis-
cussed in this chapter.

Spectral radiative properties of single particles and fibers are considered in some
detail in Chapter 2. The theoretical part of this chapter includes the Mie solution for
homogeneous spherical particles and more general solutions for hollow and core-man-
tled spheres. We give also the known solution for arbitrary illumination of long cylin-
ders. This solution is widely employed in modeling the radiative properties of single
fibers and highly porous fibrous materials. A complete set of equations is presented for
homogeneous, hollow, and two-layered cylinders. The main limiting cases of the gen-
eral theory (the Rayleigh and Rayleigh–Gans scattering, the geometrical optics, and the
anomalous diffraction approximation) are considered in Section 2.2. Absorption and
scattering of the visible, infrared, and microwave radiation by single particles and fi-
bers of various substances are analyzed in Section 2.3. Thermal radiation from non-
isothermal particles and the radiation from a particle to ambient medium through
narrow concentric gap are considered in Sections 2.4 and 2.5. The radiative properties
of polydisperse systems and applicability of monodisperse approximation are discussed
in the last section of Chapter 2.

Chapter 3 presents an engineering approach for both theoretical prediction and ex-
perimental determination of spectral radiative properties of quite different dispersed
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materials containing the morphology elements of arbitrary shape. A general theoretical
basis of radiative properties determination and present-day principles of experimental
characterization with identification procedure are recalled. Physical limitations of inde-
pendent scattering theory are also discussed in this chapter. Experimental and compu-
tational results, approximate theoretical models and engineering estimates important
for potential applications are presented for porous materials such as cellular foams,
fibrous materials, ceramics, polymer coatings containing microspheres, and nanopor-
ous aerogel superinsulations. The materials under investigation can be applied in ad-
vanced energy and combustion systems, such as low-NOx combustion burners, solar
thermal energy systems or specific applications requiring lightness and high insulating
efficiencies. Thus the characterization of radiative properties of such dispersed materi-
als plays an important role in many engineering systems. 

Some radiative and combined heat transfer problems in various disperse systems are
considered in Chapter 4. These problems include the main results for radiation heat
transfer in solid-propellant rocket engines (Section 4.1), the problems of radiative cool-
ing of particle flow in vacuum (Section 4.2), the combined heat transfer in boundary-
layer flows (Section 4.3), the thermal microwave radiation of foam and water sprays
produced by breaking ocean waves (Section 4.4), the radiative-conductive heat transfer
in composite coatings, fibrous materials, and foam insulations (Sections 4.5, 4.6), the
radiative effects in a semi-transparent liquid containing gas bubbles (Section 4.7), the
effects of nonuniform absorption and heating of semi-transparent particles by an exter-
nal radiation (Section 4.8, 4.9), and the thermal radiation modeling in multiphase flows
with high-temperature nonisothermal particles (Sections 4.10 and 4.11).

Chapters 1, 2, and 4 are only partially based on the revised material of the previous
book by Leonid Dombrovsky "Radiation Heat Transfer in Disperse Systems" (Begell
House, New York, 1996). These chapters include some new results obtained in the
period from 1994 to 2010. Sections 1.7 and 4.6.2, which are written by Dominique
Baillis, are also presented in Chapters 1 and 4. As to Chapter 3, it involves mainly a
systematic presentation of the research by a group of Dominique Baillis. Sections 3.6–
3.9 of this chapter are written by Leonid Dombrovsky on the basis of the research
work, which has been done in cooperation with Dominique Baillis and her students.

For a topic which is broad as the one considered in this book, it is very difficult to
be comprehensive. However, we hope that enough key references are cited in the book
to enable an interested reader to undertake a more detailed study of specific thermal
radiation problems in disperse systems.

Leonid Dombrovsky

Dominique Baillis Doermann
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1. Computational Models for Radiative Transfer
  in Disperse Systems

In this Chapter, we will not consider the nature and basic laws of thermal radiation
because this general knowledge is given in the well-known textbooks by Sparrow and
Cess [1], Siegel and Howell [2], and Modest [3]. Nevertheless, before proceeding to
mathematical formulation of radiation transfer problems for scattering media, it is rea-
sonable to recall some definitions of the main physical quantities.

The radiation energy in the wavelength interval (λ, λ + dλ), passing per time dt in
the solid angle dΩ

→
 near the direction Ω

→
 through the area dσ located at the point r→ and

oriented perpendicular to Ω
→

, is equal to Iλ(r
→, Ω

→
)dλ dt dσ dΩ

→
, where the function

Iλ(r
→, Ω

→
) is the spectral intensity of radiation. This function is the most general charac-

teristic of the radiation field in the case of unpolarized (randomly polarized) radia-
tion. The polarization of electromagnetic waves is usually not important in the
problems concerning thermal radiation and it is sufficient to use the scalar function
Iλ(r

→, Ω
→

) instead of the Stokes parameters [4]. The details concerning description of
polarized radiation can be found in the classic book by Chandrasekhar [5] and in the
monographs by van de Hulst [6] and Bohren and Huffman [7] which are very close to
the problems under consideration and should be included by a reader in a shortlist of
the most important handbooks. The spectral intensity of equilibrium (the so-called
"black-body") thermal radiation of an isothermal medium is given by the Planck
function: Iλ = Bλ(T). The black-body radiation is homogeneous and isotropic, i.e.,
independent of both the coordinate r→ and direction Ω

→
. For radiating medium, a devia-

tion of the function Iλ(r
→, Ω

→
) from the intensity of equilibrium radiation at a local

temperature T(r→) is described by radiative transfer equation.
Absorption and scattering of the radiation in a medium are described by the spectral

coefficients αλ and σλ, respectively, by the extinction coefficient βλ = αλ + σλ, and by
the scattering function Φλ(Ω

→′Ω
→

) called also the scattering phase function or indicatrix
of scattering. The latter function presents the angular intensity distribution for the ra-
diation scattered by a small (elementary) volume of the medium by one act of scatter-
ing. The scattering function satisfies the normalizing condition:

Note that the coefficients αλ, σλ, and βλ are also referred to the medium elementary
volume. It is assumed that absorption and scattering characteristics of a small element
of the medium can be determined on the basis of the so-called far-field single-scatter-
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( )
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4
1
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π
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ing approximation. This assumption, which is also known as the independent scatter-
ing approximation, is correct in many applied problems concerning rarefied disperse
systems when positions of single particles are random and uncorrelated and the aver-
age distances between the neighboring particles are greater than the particle size and
radiation wavelength. Note that single particles we are talking about may look as ag-
gregates or clusters of some primary particles. The physical sense of the above formu-
lated assumption has been considered in some details in the recent paper by Mish-
chenko et al. [8].

The above definitions of the absorption and scattering characteristics of a medium
correspond to the continuous model of the radiation propagation in the medium. It is a
widely used approach, which appears to be fairly good in many practical problems
concerning thermal radiation in disperse systems. But there are some specific cases
such as particulate debris beds or large-scale cellular structures when the classical
continuum theory may not be appropriate and the discrete transfer models are physi-
cally more adequate to the real processes [9, 10].

1.1  The Radiative Transfer Equation

In the continuum theory, the radiative transfer equation (RTE) for an absorbing, scat-
tering and radiating medium can be written as follows [2, 3]:

The physical meaning of Eq. (1.2) is evident: variation of the spectral radiation inten-
sity in direction Ω

→
 takes place due to extinction by absorption and by scattering in

other directions, as well as due to scattering from other directions (integral term) and
thermal radiation of the medium. The coefficients αλ, σλ, βλ, function Φλ(Ω

→′Ω
→

), and
temperature T depend on the coordinate r→. For simplicity, Eq. (1.2) is not written for
the general case of an arbitrary medium. The following assumptions are used:

• The medium is isotropic, i.e., coefficients of RTE do not depend on direction;
• Every small (elementary) volume of the medium is characterized by only one

temperature for all the medium components;
• There is no refraction in the host medium (the index of refraction is equal to

unity);
• The medium properties do not depend directly on radiation intensity.

Only the last of these assumptions will not be revised in this book because we are not
going to consider the nonlinear radiation effects. Of course, variation of the RTE coef-
ficients with temperature or local composition of the medium will be considered and it
may be the result of the radiation heat transfer. But these effects are quite different
from the direct effect of radiation field on the medium radiative properties. The other
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assumptions from the above list will be revised in subsequent sections of the book by
studying the specific problems of radiative transfer in disperse systems.

For understanding a mathematical formulation, it is usually convenient to imagine
an adequate physical picture of the problem. To our mind, the RTE seems to be clear
if we imagine numerous randomly located particles suspended in a gas. For example,
one can assume that there is no any external radiation but only the own thermal radia-
tion of the particle cloud. The hot particles not only emit thermal radiation, but absorb
and scatter the radiation emitted by other particles. The radiation can also be emitted
and absorbed by a host gaseous medium. There is a local thermal equilibrium between
the particles and ambient gas. It means that the temperatures of gas and all the parti-
cles in a small volume are the same. A small single-scattering volume of the particle
cloud contains many particles but an average distance between them is much greater
than the particle size and radiation wavelength, so that there are no any wave (interfer-
ence) effects and the absorption and scattering characteristics of single particles are
additive. Obviously, one can easily define the local absorption and scattering coeffi-
cients as well as the scattering function of this medium. Gases have no contribution to
scattering which is determined by the presence of particles. The above physical picture
is realistic but it is only the simplest variant of diverse disperse systems. In more
complex problems, it is not obvious if the ordinary RTE is applicable.

The most general analysis should be based on the electromagnetic theory. It is espe-
cially important for relatively dense disperse systems. The relation between the rigor-
ous electromagnetic theory and the phenomenological radiation transfer theory is a
subject of theoretical studies during several decades. We do not consider this problem
in the book assuming that RTE is applicable to the majority of the engineering prob-
lems to be considered. Nevertheless, we can recommend important references [11–16]
concerning this matter.

It may be of interest to remember the history of developing the radiation transfer
theory including the analytical and computational methods. The astrophysics, particu-
larly the study of star photospheres, was the first branch of science which initiates the
theoretical foundations and analytical methods of the radiation transfer theory in the
beginning of the 20th century [5, 17]. A new very important period was related to the
nuclear physics because transport of neutrons is described by a similar equation. Some
well-known analytical and numerical methods of the general neutron/photon transport
theory have been developed at that time [18–23]. Computational modeling of neutron
transport in nuclear reactors was one of the first engineering applications of the theory.
In parallel with the nuclear studies, the radiation transfer theory was used and further
developed by researchers working in the field of atmospheric optics and thermal radia-
tion transfer in the atmosphere [24–28]. Starting from the 60th of the last century, the
high-temperature processes in thermal engineering provide a great field for modifica-
tions and practical applications of the radiation transfer theory. One can remember
such problems as radiation heat transfer in furnaces and combustion chambers of
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rocket engines, the radiative heating of space vehicles in the atmosphere, the radiative-
conductive heat transfer in material processing and in highly porous thermal insula-
tions [29–43]. The specific of these problems is combined heat transfer by radiation,
conduction, and convection. The interaction of different heat transfer modes makes
the mathematical formulation too complicated for analytical study or direct numerical
simulation. It was a motivation of the interest to the use and modification of simpli-
fied approaches developed by physicists and mathematicians in astrophysics and nu-
clear engineering. It is interesting that the present-day period in the history of
radiation transfer theory and its applications are characterized by increasing efforts in
solving the specific problems of medical imaging and diagnosis. This problem ap-
pears to be very complicated. The new developments concerning the optical tomogra-
phy and the propagation of infrared radiation in a biological tissue can be found in the
literature [44–55].

Note that radiative properties of dense disperse systems characterized by very small
scattering can be studied on the basis of quite different approach. It is an electrody-
namic model of effective absorbing and refracting medium. The classical model of this
type for optical properties of colloidal solutions and particularly semi-transparent metal
films has been developed by Maxwell-Garnett [56]. The main idea of this model was
that small metal particles in a dielectric host medium can be considered as single di-
poles and the composite disperse medium is treated as a homogeneous medium with
some optical constants. These optical constants are determined by use of the Lorentz–
Lorenz relation for dielectrics with known dipole moments of molecules [4]. We will
also employ this approach for some specific problems of those considered in the book.
One can find the details of the effective medium theories in the literature [57–60].

Let us return to radiative transfer equation (1.2). Obviously, one needs a boundary
condition to complete the problem formulation. Basically, the boundary condition on a
body surface should take into account angular characteristics of surface reflection and
emission [2, 3]. The Fresnel reflection [4] can be considered to formulate the bound-
ary condition at ideally smooth interface between the substances having the known
optical constants. We will use the Fresnel relations in analysis of some model prob-
lems. As far as the above discussed problem of the thermal radiation of a particle
cloud is concerned, one can use the simplest boundary condition of zero external ra-
diation at the cloud surface:

where n→ is the external normal to the boundary surface. In further analysis, we will
need not only the radiation intensity but also some other characteristics of the spectral
radiation field. First of all, we introduce the spectral energy density of radiation:
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where c is the velocity of light. For brevity, the name "spectral radiation energy den-
sity" is also used for the quantity

which is also called spectral irradiance. Note that Iλ
0 = 4πBλ(T) for the black-body

radiation at temperature T. We will also use the spectral radiation flux given by

The spectral radiation flux from the black-body surface radiating in vacuum is equal to
q→λ = πBλ(T)n→, where n→ is the external normal to this surface. Aside from spectral
characteristics of the radiation field, one can also employ the corresponding integral
quantities:

where the integration is performed over the whole spectrum (formally, from 0 to ∞).
In the case of the equilibrium radiation in a medium, I = σT4  ⁄ π and I0 = 4σT4, where
σ = 5.67⋅10−8 W/(m2⋅K4) is the Stefan–Boltzmann constant. The integral thermal radia-
tion flux from the black-body surface is equal to q→ = σT4n→.

Returning to the radiative transfer equation (1.2), we will integrate it over all values
of the solid angle. Taking into account Eqs. (1.1), (1.5), and (1.6), we find the follow-
ing important expression for divergence of the spectral radiation flux

which can be treated as a local balance of the spectral radiation energy. A similar
equation for integral characteristics of the radiation field

is also called the radiative energy conservation equation [1–3]. We should recall the
so-called gray model when radiative properties of a medium and boundary surfaces are
assumed to be independent of the wavelength. The gray model is currently employed
in engineering practice for some preliminary estimates. In the gray approximation,
Eq. (1.9) is written as follows:

One can see from the above definitions that radiation intensity is not only a func-
tion of the position r→ but depends also on the direction Ω

→
. The exact numerical solu-
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tion to multi-dimensional RTE is an extremely complicated problem even in the case
of simple boundary conditions. The problem would be most easily solved if scattering
is not taken into consideration and hence the integral term is equal to zero. Unfortu-
nately, this assumption is unacceptable for us since scattering by particles is one of the
main features of radiative transfer in disperse systems. For scattering media, the RTE
is integrodifferential, but employing various approximations for the scattering function
simplifies the integral term [1–3, 32, 33, 37, 38].

1.2  Transport Approximation

One of the following methods is commonly used in approximation of the scattering
function: expansion in a series of the Legendre functions or description of the main
maxima of the scattering function by several delta-functions with some weight coeffi-
cients. Some combinations of these two approaches are also employed [3, 38]. The
simplest approximations of each method are well known. If one is restricted to two
terms in expansion in terms of the Legendre functions, the result is the linear-anisot-
ropic approximation:

where μ
__

λ is the asymmetry factor of scattering:

The linear-anisotropic approximation loses any physical sense with μ
__

λ > 1/3, i.e., at
large scattering anisotropy, since Φλ(μ0) becomes negative when μ0 < –1/(3μ

__
λ). The

other drawback of the linear approximation (1.11) should also be noted: the linear
dependence on the cosine of the scattering angle is too far from the typical scattering
functions of disperse systems [38]. Note that the linear-anisotropic approximation has
been widely used in early papers to estimate the role of anisotropic scattering in model
radiative transfer problems [3, 32, 38].

If one takes into account only the forward and backward scattering, presenting the
scattering function as a linear combination of the Dirac delta-functions δ(1 + μ0) and
δ(1 – μ0), the simplest "back-scattering" model is derived. This approximation, in
which the integral term in the RTE disappears, gives good results in some one-dimen-
sional problems [61] but cannot be applied to description of scattering in multi-dimen-
sional problems for inhomogeneous and nonisothermal disperse systems.

The well-known transport approximation appears to be highly successful method [18,
38, 62]. According to this approximation, the scattering function is replaced by a sum
of the isotropic component and the term describing the peak of forward scattering:

6 Computational Models

 ( )0 0 0Φ 1 3 Ω Ωλ λμ μ μ μ ′= + = ⋅

 ( ) ( )
( )
∫ Ω′Ω⋅Ω′ΦΩ⋅Ω′=
π

λλ π
μ

4

 
4
1 d

(1.11)

(1.12)

 ( ) ( ) ( )00 121 μδμμμ λλλ −+−=Φ (1.13)



References

 1. E.M. Sparrow and R.D. Cess, Radiation Heat Transfer, McGraw-Hill, New York, 1978.
 2. R. Siegel and J.R. Howell, Thermal Radiation Heat Transfer, Fourth ed., Taylor & Fran-

cis, New York, 2002.
 3. M.F. Modest, Radiative Heat Transfer, Second ed., Acad. Press, New York, 2003.
 4. M. Born and E. Wolf, Principles of Optics, Seventh (exp.) ed., Cambridge Univ. Press,

New York, 1999.
 5. S. Chandrasekhar, Radiative Transfer, Oxford Univ. Press, Oxford, 1950 (also Dover

Publ., New York, 1960).
 6. H.C. van de Hulst, Light Scattering by Small Particles, Wiley, New York, 1957 (also

Dover Publ., New York, 1981).
 7. C.F. Bohren and D.R. Huffman, Absorption and Scattering of Light by Small Particles,

Wiley, New York, 1983.
 8. M.I. Mishchenko, J.W. Hovenier, and D.W. Mackowski, Single scattering by a small

volume element, J. Opt. Soc. Am. A 21 (1) (2004) 71–87.
 9. D. Vortmeyer, Radiation in packed solids, Proc. 6th Int. Heat Transfer Conf., 1978,

Toronto, v. 6, pp. 525–539.
10. R. Viskanta and M.P. Mengu

..
ç, Radiative transfer in dispersed media, Appl. Mech. Rev.

42 (9) (1989) 241–259.
11. Yu.N. Barabanenkov, Multiple scattering of waves by ensembles of particles and the

theory of radiation transport, Sov. Phys.-Usp. 18 (9) (1975) 673–689.
12. G.V. Rozenberg, The light ray (contribution to the theory of the light field), Sov. Phys.-

Usp. 20 (1) (1977) 55–79.
13. A. Ishimaru, Wave Propagation and Scattering in Random Media, v. 2, Acad. Press,

New York, 1978 (also IEEE Press, New York, 1997).
14. L.A. Apresyan and Yu.A. Kravtsov, Radiation Transfer. Statistical and Wave Aspects,

Gordon and Breach, Basel, 1996.
15. M.I. Mishchenko, L.D. Travis, and A.A. Lacis, Multiple Scattering of Light by Particles:

Radiative Transfer and Coherent Backscattering, Cambridge Univ. Press, New York,
2006.

16. M.I. Mishchenko, Maxwell’s equations, radiative transfer, and coherent backscattering:
A general perspective, J. Quant. Spectr. Radiat. Transfer 101 (3) (2006) 540–555.

17. V.V. Sobolev, Course of Theoretical Astrophysics, NASA Tech. Transl. F-531, Spring-
field, 1969 (original Russian edition: Nauka, Moscow, 1967).

18. B. Davison, Neutron Transport Theory, Oxford Univ. Press, London, 1957.
19. R.L. Murray, Nuclear Reactor Physics, Prentice Hall, Engelwood Cliffs, NJ, 1957.
20. K.M. Case and P.F. Zweifel, Linear Transport Theory, Addison-Wesley, Reading, MA,

1967.
21. M.M.R. Williams, Mathematical Methods in Particle Transport Theory, Wiley, New

York, 1971.
22. G.I. Marchuk and V.I. Lebedev, Numerical Methods in the Theory of Neutron Trans-

port, Harwood, New York, 1986.
23. G.C. Pomraning, Linear Kinetic Theory and Particle Transport in Stochastic Mixtures,

World Scientific, Singapore, 1991.

Thermal Radiation in Disperse Systems: An Engineering Approach 111



24. V.V. Sobolev, Light Scattering in Planetary Atmospheres, Pergamon Press, Oxford, 1975
(original Russian edition: Nauka, Moscow, 1972).

25. R.M. Goody and Y.L. Yung, Atmospheric Radiation: Theoretical Basis, Second ed., Ox-
ford Univ. Press, New York, 1989.

26. G.E. Thomas and K. Samnes, Radiative Transfer in the Atmosphere and Ocean, Cam-
bridge Univ. Press, Cambridge, UK, 1999.

27. K.N. Liou, An Introduction to Atmospheric Radiation, Second ed., Int. Geophys. Ser.,
v. 84, Acad. Press, San Diego, 2002.

28. A.A. Kokhanovsky, Cloud Optics, Ser. "Atmospheric and Oceanographic Science Li-
brary", v. 34, Springer, Berlin, 2006.

29. Sh.-I. Pai, Radiation Gas Dynamics, Springer, New York, 1966.
30. V.N. Adrianov, Fundamentals of Radiative and Combined Heat Transfer, Energiya, Mos-

cow, 1972 (in Russian).
31. G.C. Pomraning, The Equations of Radiation Hydrodynamics, Pergamon Press, New

York, 1973 (also Dover Publ., New York, 2005).
32. M.N. O

..
zişik, Radiative Transfer and Interaction with Conduction and Convection,

Wiley, New York, 1973.
33. R. Viskanta, Radiation heat transfer: Interaction with conduction and convection and ap-

proximate methods in radiation, Proc. 7th Heat Transfer Conf., Mu
..
nchen, 1982, v. 1,

103–121.
34. N.A. Rubtsov, Radiation Heat Transfer in Continuous Media, Nauka, Novosibirsk, 1984

(in Russian).
35. R. Viskanta and M.P. Mengu

..
ç, Radiation heat transfer in combustion systems, Prog. En-

ergy Combust. Sci. 13 (2) (1987) 97–160.
36. H. Reiss, Radiative transfer in nontransparent dispersed media, High Temp.–High Press.

22 (5) (1990) 481–522.
37. K.S. Adzerikho, E.F. Nogotov, and V.P. Trofimov, Radiative Heat Transfer in Two-

Phase Media, CRC Press, New York, 1992.
38. L.A. Dombrovsky, Radiation Heat Transfer in Disperse Systems, Begell House, New

York, 1996.
39. S.-C. Lee and G.R. Cunnington, Theoretical models for radiative transfer in fibrous

media, in "Annual Review in Heat Transfer", C.L. Tien (Ed.), v. 9, Begell House, New
York, 1998, 159–218.

40. D. Baillis and J.-F. Sacadura, Thermal radiation properties of dispersed media: theoreti-
cal prediction and experimental characterization, J. Quant. Spectr. Radiat. Transfer 67
(5) (2000) 327–363.

41. T.K. Bose, High Temperature Gas Dynamics, Springer, New York, 2004.
42. R. Viskanta, Radiative Transfer in Combustion Systems: Fundamentals and Applications,

Begell House, New York, 2005.
43. A. Habibi, B. Merci, and G.J. Heynderickx, Impact of radiation models in CFD simula-

tions of steam cracking furnaces, Comp. Chem. Eng. 31 (11) (2007) 1389–1406.
44. D. Dickey, O. Barajas, K. Brown, J. Tulip, and R.B. Moore, Radiance modeling using

the P3 approximation, Phys. Med. Biol. 43 (12) (1998) 3559–3570.
45. S.R. Arridge, Optical tomography in medical imaging, Inverse Problems 15 (2) (1999)

R41–R93.

112 Computational Models



46. E.D. Aydin, C.R. de Oliveira, and A.J. Goddard, A comparison between transport and
diffusion calculations using a finite element — spherical harmonics radiation transport
method, Med. Phys. 29 (9) (2002) 2013–2023.

47. A.C. Selden, Photon transport parameters of diffuse media with highly anisotropic scat-
tering, Phys. Med. Biol. 49 (13) (2004) 3017–3027.

48. A.P. Gibson, J.C. Hebden, and S.R. Arridge, Recent advances in diffuse optical imaging,
Phys. Med. Biol. 50 (4) (2005) R1–R43.

49. T. Tarvainen, M. Vauhkonen, V. Kolehmainen, and J.P. Kaipio, Hybrid radiative-trans-
fer-diffusion model for optical tomography, Appl. Optics 44 (6) (2005) 876–886.

50. R. Zhang, W. Verkruysse, G. Aguilar, and J.S. Nelson, Comparison of diffusion approxi-
mation and Monte Carlo based finite element models for simulating thermal responses to
laser irradiation in discrete vessels, Phys. Med. Biol. 50 (17) (2005) 4075–4086.

51. T. Tarvainen, M. Vauhkonen, V. Kolehmainen, S.R. Arridge, and J.P. Kaipio, Coupled
radiative transfer equation and diffusion approximation model for photon migration in
turbid medium with low-scattering and non-scattering regions, Phys. Med. Biol. 50 (20)
(2005) 4913–4930.

52. A.D. Klose and E.W. Larsen, Light transport in biological tissue based on the simplified
spherical harmonics equations, J. Comput. Phys. 220 (1) (2006) 441–470.

53. T. Khan and A. Thomas, Inverse problem in refractive index based optical tomography,
Inverse Problems 22 (4) (2006) 1121–1137.

54. S. Wright, M. Schweiger, and S.R. Arridge, Reconstruction in optical tomography using
the PN approximations, Meas. Sci. Tech. 18 (1) (2007) 79–86.

55. L.W. Wang and H.-I Wu, Biomedical Optics, Wiley, Hoboken, NJ, 2007.
56. J.C. Maxwell-Garnett, Colours in metal glasses and in metallic films, Phil. Trans. Roy.

Soc. London A 203 (1904) 385-420.
57. G.V. Rozenberg, Optics of Thin Coatings, Fizmatgiz, Moscow, 1958 (in Russian).
58. A. Sihvola, Electromagnetic Mixing Formulas and Applications, The Inst. Electr. Engi-

neers, New York, 1999.
59. T.C. Choy, Effective Medium Theory: Principles and Applications, Oxford Univ. Press,

New York, 1999.
60. G. Gouesbet and G. Gréhan, Generalized Lorenz–Mie theories, from past to future, Ato-

miz. Sprays 10 (3–5) (2000) 277–333.
61. G.Ya. Belov, Effectiveness of backward scattering model in the radiation transfer theory

in media with axisymmetrical scattering functions, High Temp. 20 (6) (1982) 1102–1109
(in Russian).

62. L.A. Dombrovsky, Approximate methods for calculating radiation heat transfer in dis-
persed systems, Therm. Eng. 43 (3) (1996) 235–243.

63. G.C. Pomraning, A flexible numerical approach to linear transport problems, Trans.
Amer. Nucl. Soc. 8 (1965) 488–489.

64. G.I. Bell, G.E. Hansen, and H.A. Sandmeier, Multitable treatment of anisotropic scatter-
ing in SN multigroup transport calculations, Nucl. Sci. Eng. 28 (1967) 376–383.

65. J.F. Potter, The delta function approximation in radiative transfer theory, J. Atmos. Sci.
27 (6) (1970) 943–949.

66. A.L. Crosbie and G.W. Davidson, Dirac-delta function approximation to the scattering
phase function, J. Quant. Spectr. Radiat. Transfer 33 (4) (1985) 391–409.

Thermal Radiation in Disperse Systems: An Engineering Approach 113



67. N.G. Sjo
..
strand, On an alternative way to treat highly anisotropic scattering, Annals

Nucl. Energy 28 (4) (2001) 351–355.
68. M.M.R. Williams, The Slowing Down and Thermalization of Neutrons, North-Holland

Publ. Co., Amsterdam, 1966.
69. J.H. Joseph, W.J. Wiscombe, and J.A. Weinman, The delta-Eddington approximation for

radiative flux transfer, J. Atmos. Sci. 33 (12) (1976) 2452–2459.
70. W.J. Wiscombe, The delta-M method: Rapid yet accurate radiative flux calculations for

strongly asymmetric phase functions, J. Atmos. Sci. 34 (9) (1977) 1408–1422.
71. M.F. Modest and F.H. Azad, The influence and treatment of Mie-anisotropic scattering

in radiative heat transfer, ASME J. Heat Transfer 102 (1) (1980) 92–98.
72. R. Davies, Fast azimuthally dependent model of the reflection of solar radiation by

plane-parallel clouds, Appl. Optics 19 (2) (1980) 250–255.
73. F.H. Azad and M.F. Modest, Evaluation of the radiative heat flux in absorbing, emitting

and linear-anisotropically scattering cylindrical media, ASME J. Heat Transfer 103 (2)
(1981) 350–356.

74. B.H.J. McKellar and M.A. Box, The scaling group of the radiative transfer equation,
J. Atmos. Sci. 38 (5) (1981) 1063–1068.

75. M.P. Mengu
..
ç and R. Viskanta, Comparison of radiative transfer approximations for a

highly forward scattering planar medium, J. Quant. Spectr. Radiat. Transfer 29 (5)
(1983) 381–394.

76. J.S. Truelove, The two-flux model for radiative transfer with strongly anisotropic scatter-
ing, Int. J. Heat Mass Transfer 27 (3) (1984) 464–466.

77. V.V. Berdnik and V.A. Loiko, Modelling of radiative transfer in disperse layers of a
medium with a highly stretched phase function, J. Quant. Spectr. Radiat. Transfer 61 (1)
(1999) 49-57.

78. L.G. Henyey and J.L. Greenstein, Diffuse radiation in the galaxy, Astrophys. J. 93 (1)
(1941) 70–83.

79. G.C. Pomraning, On the Henyey–Greenstein approximation to scattering phase function,
J. Quant. Spectr. Radiat. Transfer 39 (2) (1988) 109–113.

80. H.C. van de Hulst, Asymptotic fitting, a method for solving anisotropic transfer prob-
lems in thick layers, J. Comput. Phys. 3 (2) (1968) 291–306.

81. J.E. Hansen, Exact and approximate solutions for multiple scattering by cloudy and hazy
planetary atmospheres, J. Atmos. Sci. 26 (3) (1969) 478–487.

82. G.D. Pedersen, N.J. McCormick, and L.O. Reynolds, Transport calculations for light
scattering in blood, Biophys. J. 16 (1976) 199–207.

83. P. Liu, A new phase function approximating to Mie scattering for radiative transport
equations, Phys. Med. Biol. 39 (6) (1994) 1025–1036.

84. M. Caldas and V. Semia~o, A new approximate phase function for isolated particles and
polydispersions, J. Quant. Spectr. Radiat. Transfer 68 (5) (2001) 521–542.

85. S.T. Surzhikov, Statistical modeling of radiation heat transfer in multiphase media by
use of the transport approximation method, Proc. Conf.-Seminar Mech. React. Media,
Krasnoyarsk, 1988, 101–105 (in Russian).

86. L.A. Dombrovsky, A.V. Kolpakov, and S.T. Surzhikov, Transport approximation in cal-
culating the directed-radiation transfer in an anisotropically scattering erosional flare,
High Temp. 29 (6) (1991) 954–960.

114 Computational Models



 87. R.N. Edwards and R.P. Bobcôo, Radiant heat transfer from isothermal dispersion with
isotropic scattering, ASME J. Heat Transfer 89 (4) (1967) 300–308.

 88. R.P. Bobcôo, Directional emissivities from a two-dimensional, absorbing-scattering me-
dium: The semi-infinite slab, ASME J. Heat Transfer 89 (4) (1967) 313–320.

 89. K.S. Adzerikho and V.P. Nekrasov, Luminescence characteristics of cylindrical and
spherical light-scattering media, Int. J. Heat Mass Transfer 18 (10) (1975) 1131–1138.

 90. K.S. Adzerikho, V.I. Antsulevich, Ya.K. Lapko, and V.P. Nekrasov, Luminescence of
two-phase inhomogeneous media of cylindrical geometry, Int. J. Heat Mass Transfer 22
(1) (1979) 131–136.

 91. L.A. Dombrovsky and L.G. Barkova, Solving the two-dimensional problem of thermal-
radiation transfer in an anisotropically scattering medium using the finite element
method, High Temp. 24 (4) (1986) 585–592.

 92. V.I. Vladimirov, Yu.A. Gorshkov, and A.V. Krymasov, Effects of anisotropic scattering
on dusty-plasma temperature measurements, High Temp. 26 (2) (1988) 266–272.

 93. A.V. Kolpakov, L.A. Dombrovsky, and S.T. Surzhikov, Transfer of directed radiation in
an absorbing and anisotropically scattering medium, High Temp. 28 (5) (1990) 753–757.

 94. L. Dombrovsky, J. Randrianalisoa, D. Baillis, and L. Pilon, Use of Mie theory to ana-
lyze experimental data to identify infrared properties of fused quartz containing bubbles,
Appl. Optics 44 (33) (2005) 7021-7031.

 95. L. Dombrovsky, J. Randrianalisoa, and D. Baillis, Modified two-flux approximation for
identification of radiative properties of absorbing and scattering media from directional-
hemispherical measurements, J. Opt. Soc. Am. A 23 (1) (2006) 91–98.

 96. L.A. Dombrovsky, H.K. Tagne, D. Baillis, and L. Gremillard, Near-infrared radiative
properties of porous zirconia ceramics, Infrared Phys. Tech. 51 (1) (2007) 44–53.

 97. Ya.B. Zeldovich and Yu.P. Raizer, Physics of Shock Waves and High-Temperature Hy-
drodynamic Phenomena, Acad. Press, New York, 1967 (also Dover Publ., New York,
2002; original Russian edition: Nauka, Moscow, 1966).

 98. A.S. Eddington, The Internal Constitution of the Stars, Dover Publ., New York, 1959.
 99. S. Rosseland, Theoretical Astrophysics: Atomic Theory and the Analysis of Stellar At-

mospheres and Envelopes, Clarendon Press, Oxford, 1936.
100. A. Schuster, Radiation through a foggy atmosphere, Astrophys. J. 21 (1) (1905) 1–22.
101. K. Schwarzschild, U

..
ber das Gleichgewicht der Sonnenatmospha

..
ren (Equilibrium of the

Sun’s atmosphere), Akad. Wiss. Go
..
ttingen, Math.-Phys. Kl. Nachr. 195 (1906) 41–53.

102. A.D. Rekin, Radiation transfer equation of the Schuster–Schwarzschild approximation
for problems with spherical and cylindrical symmetry, High Temp. 16 (4) (1978) 693–
699.

103. M.Q. Brewster and C.L. Tien, Examination of the two-flux model for radiative transfer
in particular systems, Int. J. Heat Mass Transfer 25 (12) (1982) 1905–1907.

104. P. Kubelka and F. Munk, Ein Beitrag zur Optik der Farbanstriche, Z. Tech. Phys. 12
(1931) 593–601.

105. P. Kubelka, New contributions to the optics of intensely light-scattering materials, part
I, J. Opt. Soc. Am. 38 (5) (1948) 448–457.

106. S.N. Thennadil, Relationship between the Kubelka–Munk scattering and radiative trans-
fer coefficients, J. Opt. Soc. Am. A 25 (7) (2008) 1480–1485.

107. J.L. Saunderson, Calculation of the color of pigmented plastics, J. Opt. Soc. Am. 32 (12)
(1942) 727–736.

Thermal Radiation in Disperse Systems: An Engineering Approach 115



108. L. Fukshansky and N. Kazarinova, Extension of the Kubelka–Munk theory of light
propagation in intensely scattering materials to fluorescent media, J. Opt. Soc. Am. 70
(9) (1980) 1101–1109.

109. H.G. Hecht, A comparison of the Kubelka–Munk, Rozenberg, and Pitts-Giovanelli meth-
ods of analysis of diffuse reflectance for several model systems, Appl. Spectr. 37 (4)
(1983) 348–354.

110. T. Makino, T. Kunitomo, I. Sakai, and H. Kinoshita, Thermal radiation properties of ce-
ramic materials, Heat Transfer Jpn. Res. 13 (4) (1984) 33–50.

111. B. Maheu, J.N. Le Toulouzan, and G. Gouesbet, Four-flux models to solve the scattering
transfer equation in terms of Lorenz–Mie parameters, Appl. Optics 23 (19) (1984) 3353–
3362.

112. J.H. Nobbs, Kubelka–Munk theory and the prediction of reflectance, Rev. Prog. Colora-
tion 15 (1985) 66–75.

113. B. Maheu and G. Gouesbet, Four-flux models to solve the scattering transfer equation.
Special cases, Appl. Optics 25 (7) (1986) 1122–1128.

114. P. Latimer and S.J. Noh, Light propagation in moderately dense particle systems: a re-
examination of the Kubelka–Munk theory, Appl. Optics 26 (3) (1987) 514–523.

115. A. Mandelis and J.P. Grossman, Perturbation theoretical approach to the generalized
Kubelka–Munk problem in nonhomogeneous optical media, Appl. Spectr. 46 (5) (1992)
737–745.

116. A.A. Christy, O.M. Kvalheim, and R.A. Velapoldi, Quantitative analysis in diffuse re-
flectance spectroscopy: A modified Kubelka–Munk equation, Vibrat. Spectr. 9 (1) (1995)
19–27.

117. A.P. Prishivalko, Optimization of the covering power and coloristic properties of pig-
mented coatings on the basis of a four-flux approximation of radiation transport theory,
J. Appl. Spectr. 63 (5) (1996) 675–683.

118. Z.C. Orel, M.K. Gunde, and B. Orel, Application of the Kubelka–Munk theory for the
determination of the optical properties of solar absorbing paints, Prog. Organic Coatings
30 (1–2) (1997) 59–66.

119. W.E. Vargas and G.A. Niklasson, Generalized method for evaluating scattering parame-
ters used in radiative transfer models, J. Opt. Soc. Am. A 14 (9) (1997) 2243–2252.

120. W.E. Vargas and G.A. Niklasson, Applicability conditions of the Kubelka–Munk theory,
Appl. Optics 36 (22) (1997) 5580–5586.

121. W.E. Vargas, E.M. Lushiku, G.A. Niklasson, and T.M.J. Nilsson, Light scattering coat-
ings: Theory and solar applications, Solar Energy Mater. Solar Cells 54 (1–4) (1998)
343–350.

122. W.E. Vargas, Generalized four-flux radiative transfer model, Appl. Optics 37 (13)
(1998) 2615–2623.

123. B.M. Weckhuysen and R.A. Schoonheydt, Recent progress in diffuse reflectance spec-
troscopy of supported metal oxide catalysts, Catalysis Today 49 (4) (1999) 441–451.

124. W.E. Vargas, Two-flux radiative transfer model under nonisotropic propagating diffuse
radiation, Appl. Optics 38 (7) (1999) 1077–1085.

125. M.K. Gunde and Z.C. Orel, Absorption and scattering of light by pigment particles in
solar-absorbing paints, Appl. Optics 39 (4) (2000) 622–628.

126. W.E. Vargas, P. Greenwood, J.E. Otterstedt, and G.A. Niklasson, Light scattering in pig-
mented coatings: experiments and theory, Solar Energy 68 (6) (2000) 553–561.

116 Computational Models



127. Z.C. Orel and M.K. Gunde, Spectrally selective paint coatings: Preparation and charac-
terization, Solar Energy Mater. Solar Cells 68 (3–4) (2001) 337–353.

128. C. Rozé, T. Girasole, G. Gréhan, G. Gouesbet, and B. Maheu, Average crossing parame-
ter and forward scattering ratio values in four-flux model for multiple scattering media,
Optics Comm. 194 (4–6) (2001) 251–263.

129. C. Rozé, T. Girasole, and A.-G. Tafforin, Multilayer four-flux model of scattering, emit-
ting and absorbing media, Atmos. Environ. 35 (30) (2001) 5125–5130.

130. Y. Yang, E.J. Celmer, J.A. Koutcher, and R.R. Alfano, DNA and protein changes
caused by disease in human breast tissues probed by the Kubelka–Munk spectral func-
tional, Photochem. Photobiol. 75 (6) 92002) 627–632.

131. D.J. Sardar and F.S. Salinas, Optical properties of a laser dye in a solid-state polymeric
host, J. Appl. Phys. 91 (12) (2002) 9598–9602.

132. L. Yang, Characterization of inks and ink application for ink-jet printing: model and
simulation, J. Opt. Soc. Am. A 20 (7) (2003) 1149–1154.

133. A. Limare, T. Duvaut, J-F. Henry, and C. Bissieux, Non-contact photopyroelectric
method applied to thermal and optical characterization of textiles. Four-flux modelling
of a scattering sample, Int. J. Thermal. Sci. 42 (10) (2003) 951–961.

134. E.F. Greene, S. Tauch, E. Webb, and D. Amarasasiriwardena, Application of diffuse re-
flectance infrared Fourier transform spectroscopy (DRIFTS) for the identification of po-
tential diagenesis and crystallinity changes in teeth, Microchem. J. 76 (1–2) (2004)
141–149.

135. M. Elias and L. Simonot, Bi-directional reflectance of a varnished painting. Part 1: In-
fluence of the refractive indices without using the approximations of Saunderson correc-
tion — exact computation, Optics Comm. 231 (1–6) (2004) 17–24.

136. H.M. Heise, R. Kuckuk, A. Bereck, and D. Riegel, Mid-infrared diffuse reflectance
spectroscopy of textiles containing finishing auxiliaries, Vibrat. Spectr. 35 (1) (2004)
213–218.

137. L. Yang and B. Kruse, Revised Kubelka–Munk theory. I. Theory and application, J. Opt.
Soc. Am. A 21 (10) (2004) 1933–1941.

138. L. Sokoletsky, Comparative analysis of selected radiative transfer approaches for aquatic
environments, Appl. Optics 44 (1) (2005) 136–148.

139. L. Yang and S.J. Miklavcic, Revised Kubelka–Munk theory. III. A general theory of
light propagation in scattering and absorptive media, J. Opt. Soc. Am. A 22 (9) (2005)
1866–1873.

140. R. Levinson, P. Berdahl, and H. Akbari, Solar spectral optical properties of pigments -
Part I: Model for deriving scattering and absorption coefficients from transmittance and
reflectance measurements, Solar Energy Mater. Solar Cells 89 (4) (2005) 319–349.

141. L. Liu, R. Gong, D. Huang, Y. Nie, and C. Liu, Calculation of emittance of a coating
layer with the Kubelka–Munk theory and the Mie-scattering model, J. Opt. Soc. Am. A
22 (11) (2005) 2424–2429.

142. L. Liu, R Gong, Y. Cheng, F, Zhang, H. He, and D. Huang, Emittance of a radar ab-
sorber coated with an infrared layer in the 3–5 μm window, Opt. Express 13 (25) (2005)
10382–10391.

143. C. Donner and H.W. Jensen, Rapid simulation of steady-state spatially resolved reflec-
tance and transmittance profiles of multilayered turbid materials, J. Opt. Soc. Am. A 23
(6) (2006) 1382–1390.

Thermal Radiation in Disperse Systems: An Engineering Approach 117



144. P. Edstro
..
m, Examination of the revised Kubelka–Munk theory: considerations of model-

ing strategies, J. Opt. Soc. Am. A 24 (2) (2007) 548–556.
145. S.H. Kong and J.D. Shore, Evaluation of the telegrapher’s equation and multiple-flux

theories for calculating the transmittance and reflectance of a diffuse absorbing slab, J.
Opt. Soc. Am. A 24 (3) (2007) 702–710.

146. M. Hébert, R.D. Hersch, and J.-M. Becker, Compositional reflectance and transmittance
model for multilayer specimens, J. Opt. Soc. Am. A 24 (9) (2007) 2628–2644.

147. A.B. Murphy, Optical properties of an optically rough coating from inversion of diffuse
reflectance measurements, Appl. Optics 46 (16) (2007) 3133–3143.

148. E. Van Nimmen, K. De Clerck, J. Verschuren, K. Gellynck, T. Gheysens, J. Mertens,
and L. Van Langenhove, FT-IR spectroscopy of spider and silkworm silks, Vibrat.
Spectr. 46 (1) (2008) 63–68.

149. J.I. Eldridge and C.M. Spuckler, Determination of scattering and absorption coefficients
for plasma-sprayed yttria-stabilized zirconia thermal barrier coatings, J. Am. Ceram. Soc.
91(5) (2008) 1603–1611.

150. J. Couble, P. Gravejat, F. Gaillard, and D. Bianchi, Quantitative analysis of infrared
spectra of adsorbed species using transmission and diffuse reflectance modes, Appl. Ca-
talysis A 371 (1) (2009) 99–107.

151. Y. Abouliatim, T. Chartier, P. Abelard, C. Chaput, and C. Delage, Optical charac-
terization of stereolithography alumina suspensions using the Kubelka–Munk model, J.
Eur. Ceram. Soc. 29 (5) (2009) 919–924.

152. G. Latour, M. Elias, and J.-M. Frigerio, Determination of the absorption and scattering
coefficients of pigments: application to the identification of the components of pigment
mixtures, Appl. Spectr. 63 (6) (2009) 604–610.

153. L.M. Schabbach, F. Bondioli, A.M. Ferrari, C.O. Petter, and M.C. Fredel, Colour in ce-
ramic glazes: Efficiency of the Kubelka–Munk model in glazes with a black pigment
and opacifier, J. Eur. Ceram. Soc. 29 (13) (2009) 2685–2690.

154. G.M. da Costa, V. Barron, F.C. Mendonca, and J. Torrent, The use of diffuse reflectance
spectroscopy for the characterization of iron ores, Minerals Eng. 22 (14) (2009) 1245–
1250.

155. J.I. Eldridge, C.M. Spuckler, and J.R. Markham, Determination of scattering and absorp-
tion coefficients for plasma-sprayed yttria-stabilized zirconia thermal barrier coatings at
elevated temperatures, J. Am. Ceram. Soc. 92(10) (2009) 2276–2285.

156. A.A. Kokhanovsky, Physical interpretation and accuracy of the Kubelka–Munk theory,
J. Phys. D: Appl. Phys. 40 (7) (2007) 2210–2216.

157. R. Caps, A. Trunzer, D. Bu
..
ttner, and J. Fricke, Spectral transmission and reflection

properties of high temperature insulation materials, Int. J. Heat Mass Transfer 27 (10)
(1984) 1865–1872.

158. K. Kamiuto, The two-flux approximations for radiative transfer in scattering media,
J. Quant. Spectr. Radiat. Transfer 38 (4) (1987) 261–265.

159. R. Siegel and C.M. Spuckler, Approximate solution methods for spectral radiative trans-
fer in high refractive index layers, Int. J. Heat Mass Transfer 37 (Suppl. 1) (1994) 403–
413.

160. C.M. Spuckler and R. Siegel, Two-flux and diffusion methods for radiative transfer in
composite layers, ASME J. Heat Transfer 118 (2) (1996) 218–222.

118 Computational Models



161. R. Siegel, Two-flux Green’s function analysis for transient spectral radiation in a com-
posite, AIAA J. Thermophys. Heat Transfer 10 (4) (1996) 681–688.

162. S. Dembele, J.X. Wen, and J.-F. Sacadura, Analysis of the two-flux model for predicting
water spray transmittance in fire protection application, ASME J. Heat Transfer 122 (1)
(2000) 183–186.

163. B. Dubroca and A. Klar, Half-moment closure for radiative transfer equations, J. Comput.
Phys. 180 (2) (2002) 584–596.

164. S. Murthy and A.G. Fedorov, Radiation heat transfer analysis of the monolith type solid
oxide fuel cell, J. Power Sources 124 (2) (2003) 453–458.

165. A.V. Gusarov and J.-P. Kruth, Modelling of radiation transfer in metallic powders at
laser treatment, Int. J. Heat Mass Transfer 48 (16) (2005) 3423–3434.

166. J.-F. Ripoll and A.A. Wray, A half-moment model for radiative transfer in a 3D gray
medium and its reduction to a moment model for hot, opaque sources, J. Quant. Spectr.
Radiat. Transfer 93 (4) (2005) 473–519.

167. K.A. Jensen, J.-F. Ripoll, A.A. Wray, D. Joseph, and M. El Hafi, On various modeling
approaches to radiative heat transfer in pool fires, Combust. Flame 148 (4) (2007) 263–
279.

168. J.H. Jeans, The equations of radiative transfer of energy, Month. Notic. Roy. Astron.
Soc. 78 (1) (1917) 28–36.

169. V. Kourganoff, Basic Methods in Transfer Problems, Clarendon Press, Oxford, 1952
(also Dover Publ., New York, 1963).

170. R.E. Marshak, Note on the spherical harmonics method as applied to the Milne problem
for a sphere, Phys. Rev. 71 (7) (1947) 443–446.

171. G.C. Pomraning, Variational boundary conditions for the spherical harmonics approxi-
mation to the neutron transport equation, Annals Phys. 27 (2) (1964) 193–215.

172. I.R. Shokair and G.C. Pomraning, Boundary conditions for differential approximations,
J. Quant. Spectr. Radiat. Transfer 25 (4) (1981) 325–337.

173. F.A. Milne, Thermodynamics of the stars, in "Handbuch der Astrophysik", Springer-Ver-
lag, OHG, Berlin, 1930, 65–255.

174. W. Kofink, Complete spherical harmonics solution of the Boltzmann equation for neu-
tron transport in homogeneous media with cylindrical geometry, Nucl. Sci. Eng. 6
(1959) 473–486.

175. Y. Bayazitoglu and J. Higenyi, Higher-order differential equations of radiative transfer:
P3 approximation, AIAA J. 17 (4) (1979) 424–431.

176. Y. Bayazitoglu, A review of higher order differential approximation of radiative energy
transfer, AIAA Paper No. 0216, 1981.

177. A. Yu
..
cel and Y. Bayazitoglu, P-N approximation for radiative heat transfer in a nongray

medium, AIAA J. 21 (8) (1983) 1196–1203.
178. A.H. Karp, J. Greenstadt, and J.A. Fillmore, Radiative transfer through an arbitrarily

thick, scattering atmosphere, J. Quant. Spectr. Radiat. Transfer 24 (5) (1980) 391–406.
179. S.-Ch.S. Ou and K.-N. Liou, Generalization of the spherical harmonics method to radia-

tive transfer in multi-dimensional space, J. Quant. Spectr. Radiat. Transfer 28 (4) (1982)
271–288.

180. R.D.M. Garcia and C.E. Siewert, A generalized spherical harmonics solution for radia-
tive transfer models that include polarization effects, J. Quant. Spectr. Radiat. Transfer
36 (5) (1986) 401–423.

Thermal Radiation in Disperse Systems: An Engineering Approach 119



181. L.B. Barichello, R.D.M. Garcia, and C.E. Siewert, A spherical-harmonics solution for
radiative-transfer problems with reflecting boundaries and internal sources, J. Quant.
Spectr. Radiat. Transfer 60 (2) (1998) 247–260.

182. A.H. Karp, Recent advances in the spherical harmonics method, Int. J. Eng. Sci. 36 (12)
(1998) 1551–1568.

183. T.Z. Muldashev, A.I. Lyapustin, and U.M. Sultangazin, Spherical harmonics method of
radiative transfer in the atmosphere-surface system, J. Quant. Spectr. Radiat. Transfer 61
(3) (1999) 393–404.

184. A.I. Lyapustin and T.Z. Muldashev, Method of spherical harmonics in the radiative
transfer problem with non-Lambertian surface, J. Quant. Spectr. Radiat. Transfer 61 (4)
(1999) 545–555.

185. A.I. Lyapustin and T.Z. Muldashev, Solution for atmospheric optical transfer function
using spherical harmonics method, J. Quant. Spectr. Radiat. Transfer 68 (1) (2001) 43–
56.

186. E.W. Larsen, G. Thommes, A. Klar, M. Sead, and T. Gotz, Simplified PN approxima-
tions for the equations of radiative transfer and applications, J. Comput. Phys. 183 (2)
(2002) 652–675.

187. T. Khan and A. Thomas, Comparison of PN or spherical harmonics approximation for
scattering media with spatially varying and spatially constant refractive indices, Optics
Comm. 255 (1–3) (2005) 130–166.

188. M.A. Atalay, PN solutions of radiative heat transfer in a slab with reflective boundaries,
J. Quant. Spectr. Radiat. Transfer 101 (1) (2006) 100–108.

189. A. Yilmazer, Spectral   approximation(s) to the transport problems in spherical media, J.
Quant. Spectr. Radiat. Transfer 108 (3) (2007) 403–422.

190. R.G. McClarren, J.P. Holloway, and T.A. Brunner, On solutions to the Pn equations for
thermal radiative transfer, J. Comput. Phys. 227 (5) (2008) 2864–2885.

191. R.G. McClarren, T.M. Evans, R.B. Lowrie, and J.D. Desmore, Semi-implicit time inte-
gration for Pn thermal radiative transfer, J. Comput. Phys. 227 (6) (2008) 7561–7586.

192. K.V. Deshmukh, M.F. Modest, and D.C. Haworth, High-order spherical harmonics to
model radiation in direct numerical simulation of turbulent reacting flows, Comput.
Therm. Sci. 1 (2) (2009) 207–230.

193. K.G. Phillips and S.L. Jacques, Solution of transport equations in layered media with
refractive index mismatch using the PN-method, J. Opt. Soc. Am. A 26 (10) (2009)
2147–2162.

194. A.H. Karp and S. Petrack, On the spherical harmonics and discrete ordinates methods
for azimuth-dependent intensity calculations, J. Quant. Spectr. Radiat. Transfer 30 (4)
(1983) 351–356.

195. L.B. Barichello and C.E. Siewert, On the equivalence between the discrete ordinates
and the spherical harmonics methods in radiative transfer, Nucl. Sci. Eng. 130 (1)
(1998) 79–84.

196. D.B. Olfe, A modification of the differential approximation for radiative transfer, AIAA
J. 5 (4) (1967) 638–643.

197. D.B. Olfe, Application of a modified differential approximation to radiative transfer in a
gray medium between concentric spheres and cylinders, J. Quant. Spectr. Radiat. Trans-
fer 8 (3) (1968) 899–907.

120 Computational Models



198. D.B. Olfe, Radiative equilibrium of a gray medium bounded by nonisothermal walls, in
"Progress in Astronautics and Aeronautics," v. 23 (1970) 295–317.

199. L. Glatt and D.B. Olfe, Radiative equilibrium of a gray medium in a rectangular enclo-
sure, J. Quant. Spectr. Radiat. Transfer 13 (9) (1973) 881–895.

200. C.Y. Wu, W.H. Sutton, and T.J. Love, Successive improvement of the modified differ-
ential approximation in radiative transfer, AIAA J. Thermophys. Heat Transfer 1 (4)
(1987) 296–300.

201. M.F. Modest, Two-dimensional radiative equilibrium of a gray medium in a plane layer
bounded by gray non-isothermal walls, ASME J. Heat Transfer 96 (4) (1974) 483–488.

202. M.F. Modest, Radiative equilibrium in a rectangular enclosure bounded by gray walls,
J. Quant. Spectr. Radiat. Transfer 15 (1) (1975) 445–461.

203. M.F. Modest and D. Stevens, Two-dimensional radiative equilibrium of a gray medium
between concentric cylinders, J. Quant. Spectr. Radiat. Transfer 19 (1) (1978) 353–365.

204. M.F. Modest, The improved differential approximation for radiative transfer in multi-di-
mensional media, ASME J. Heat Transfer 112 (3) (1990) 819–821.

205. F. Liu, J. Swithenbank, and E.S. Garbett, The boundary condition of the PN-approxima-
tion used to solve the radiative transfer equation, Int. J. Heat Mass Transfer 35 (10)
(1992) 2043–2052.

206. B. Su, More on boundary conditions for differential approximations, J. Quant. Spectr.
Radiat. Transfer 64 (4) (2000) 409–419.

207. C.C. Lii and M.N. O
..

zisik, Hemispherical reflectivity and transmissivity of an absorbing,
isotropically scattering slab with a reflecting boundary, Int. J. Heat Mass Transfer 16 (3)
(1973) 685–690.

208. H.-H. Chien and C.-Y. Wu, Modified differential approximation for radiative transfer in
a scattering medium with specularly reflecting boundaries, J. Quant. Spectr. Radiat.
Transfer 46 (5) (1991) 439–446.

209. M.P. Mengu
..
ç and S. Subramaniam, Radiative transfer through an inhomogeneous fly-ash

cloud: effect of temperature and wavelength dependent optical properties, Numer. Heat
Transfer A 21 (3) (1992) 261–273.

210. M.P. Mengu
..
ç and R. Viskanta, Effect of fly-ash particles on spectral and total radiation

blockage, Combust. Sci. Tech. 60 (1–3) (1988) 97–115.
211. T.W. Tong and P.S. Swathi, Radiative heat transfer in emitting-absorbing-scattering

spherical media, AIAA J. Thermophys. Heat Transfer 1 (2) (1987) 162–170.
212. W. Li and T.W. Tong, Radiative heat transfer in isothermal spherical media, J. Quant.

Spectr. Radiat. Transfer 43 (3) (1990) 239–251.
213. W.H. Sutton and M.N. O

..
zisik, An iterative solution for anisotropic radiative transfer in

a slab, ASME J. Heat Transfer 101 (4) (1979) 695–698.
214. M.N. Abramson and F.N. Lisin, Approximate solution of transfer equation in radiating,

absorbing, and scattering layer, Indust. Heat Eng. 7 (1) (1985) 25–30 (in Russian).
215. M.P. Mengu

..
ç and R. Viskanta, Radiative transfer in three-dimensional rectangular enclo-

sures containing inhomogeneous, anisotropically scattering media, J. Quant. Spectr. Ra-
diat. Transfer 33 (6) (1985) 533–549.

216. M.P. Mengu
..
ç and R. Viskanta, Radiative transfer in axisymmetric finite cylindrical en-

closures, ASME J. Heat Transfer 108 (2) (1986) 271–276.
217. Yu.A. Popov, Radiation from scattering volumes having simple geometries, High Temp.

18 (3) (1980) 450–453.

Thermal Radiation in Disperse Systems: An Engineering Approach 121



218. H. Lee and R.O. Buckius, Scaling anisotropic scattering in radiation heat transfer for a
planar medium, ASME J. Heat Transfer 104 (1) (1982) 68–75.

219. T.-K. Kim and H.S. Lee, Scaled isotropic results for two-dimensional anisotropic scatter-
ing media, ASME J. Heat Transfer 112 (3) (1990) 721–727.

220. F. Liu, E.S. Garbett, and J. Swithenbank, Effects of anisotropic scattering on radiative
heat transfer using the P1-approximation, Int. J. Heat Mass Transfer 35 (10) (1992)
2491–2499.

221. H.T.K. Tagne and D. Baillis, Isotropic scaling limits for one-dimensional radiative heat
transfer with collimated incidence, J. Quant. Spectr. Radiat. Transfer 93 (1–3) (2005)
103–113.

222. K.S. Adzerikho, V.I. Antsulevich, V.P. Nekrasov, and V.P. Trofimov, Modeling radiant-
heat-transfer problems in media of nonplane geometry, J. Eng. Phys. Thermophys. 36 (2)
(1979) 148–158.

223. N. Selçuk and R.G. Siddall, Two-flux spherical harmonic modeling of two-dimensional
radiative transfer in furnaces, Int. J. Heat Mass Transfer 19 (3) (1976) 313–321.

224. M.P. Mengu
..
ç and R. Viskanta, A sensitivity analysis for radiation heat transfer in a pul-

verized coal-fired furnace, Combust. Sci. Tech. 51 (1–3) (1987) 51–74.
225. N. Selçuk, Evaluation of spherical harmonics approximation for radiative transfer in cy-

lindrical furnaces, Int. J. Heat Mass Transfer 33 (3) (1990) 579–581.
226. K. Onda, Prediction of scattering effect by ash polydispersion on spectral emission from

coal-fired MHD combustion gas, J. Quant. Spectr. Radiat. Transfer 53 (4) (1995) 381–
395.

227. L.A. Dombrovsky, A theoretical investigation of heat transfer by radiation under condi-
tions of two-phase flow in a supersonic nozzle, High Temp. 34 (2) (1996) 255-262.

228. S. S. Sazhin, E. M. Sazhina, O. Faltsi-Saravelou, and P. Wild, The P-1 model for ther-
mal radiation transfer: advantages and limitations, Fuel 75 (3) (1996) 289-294.

229. G.M. Makhviladze, J.P. Roberts, and S.E. Yakush, Combustion of two-phase hydrocar-
bon fuel clouds released into the atmosphere, Combust. Flame 118 (4) (1999) 583–605.

230. A. Kronenburg, R.W. Bilger, and J.H. Kent, Modeling soot formation in turbulent meth-
ane-air jet diffusion flames, Combust. Flame 121 (1–2) (2000) 24–40.

231. J.G. Marakis, C. Papapavlou, and E. Kakaras, A parametric study of radiative heat trans-
fer in pulverised coal furnaces, Int. J. Heat Mass Transfer 43 (16) (2000) 2961–2971.

232. T. Klason and X.S. Bai, Computational study of the combustion process and NO forma-
tion in small-scale wood pellet furnace, Fuel 86 (10–11) (2007) 1465–1474.

233. D.A. Kontogeorgos, E.P. Keramida, and M.A. Founti, Assessment of simplified thermal
radiation models for engineering calculations in natural gas-fired furnace, Int. J. Heat
Mass Transfer 50 (25–26) (2007) 5260–5268.

234. T. Klason, X.S. Bai, M. Bahador, T.K. Nilsson, and B. Sundén, Investigation of radia-
tive heat transfer in fixed bed biomass furnaces, Fuel 87 (10–11) (2008) 2141–2153.

235. M. Ravishankar, S. Mazumder, and A. Kumar, Finite-volume formulation and solution
of the P3 equations of radiative transfer on unstructured meshes, ASME J. Heat Transfer
132 (2) (2010) paper 023402.

236. V.A. Petrov, Complex approach to a radiative-conductive heat transfer problem in scat-
tering semitransparent materials using a diffusive approximation as the base, J. Eng.
Phys. Thermophys. 64 (6) (1993) 583–589.

122 Computational Models



237. L.A. Dombrovsky, Quartz-fiber thermal insulation: Infrared radiative properties and cal-
culation of radiative-conductive heat transfer, ASME J. Heat Transfer 118 (2) (1996)
408–414.

238. J.J. Derby, S. Brandon, and A.G. Salinger, The diffusion and P1 approximations for
modeling buoyant flow of an optically thick fluid, Int. J. Heat Mass Transfer 41 (11)
(1998) 1405–1415.

239. S.D. Eby, J.Y. Trépanier, and X.D. Zhang, Modelling radiative transfer in SF6 circuit-
breaker arcs with the P-1 approximation, J. Phys. D: Appl. Phys. 31 (13) (1998) 1578–
1588.

240. J.D. Yan, W.B. Hall, and M.T.C. Fang, Experimental and theoretical investigation of an
enclosed free burning arc in SF6, J. Phys. D: Appl. Phys. 33 (9) (2000) 1070–1080.

241. P. Freton, J.J. Gonzalez, A. Gleizes, F.C. Peyret, G. Caillibotte, and M. Delzenne, Nu-
merical and experimental study of the plasma cutting torch, J. Phys. D: Appl. Phys. 35
(2) (2002) 115–131.

242. C.M. Dixon, J.D. Yan, and M.T.C. Fang, A comparison of three radiation models for the
calculation of nozzle arcs, J. Phys. D: Appl. Phys. 37 (23) (2004) 3309–3318.

243. P. Ségur, A. Bourdon, E. Marode, D. Bessieres, and J.H. Paillol, The use of an im-
proved Eddington approximation to facilitate the calculation of photoionization in
steamer discharges, Plasma Sources Sci. Tech. 15 (4) (2006) 648–660.

244. L.C. Hartung and H.A. Hassan, Radiation transport around axisymmetric blunt body ve-
hicles using a modified differential approximation, AIAA J. Thermophys. Heat Transfer
7 (2) (1993) 220–227.

245. V.M. Borisov and A.A. Ivankov, The P1 and P2 approximations of the spherical har-
monic method as applied to radiative heat transfer computations with allowance for
strong blowing from the surface of a vehicle moving in the Jovian atmosphere, Comput.
Math. Math. Phys. 46 (9) (2006) 1611–1622.

246. J.Q. Lu, C. Chen, D.W. Pravica, R.S. Brock, and X.-H. Hu, Validity of a closed-form
diffusion solution in P1 approximation for reflectance imaging with an oblique beam of
arbitrary profile, Med. Phys. 35 (9) (2008) 3979–3987.

247. I.K. Tjahjono and Y. Bayazitoglu, Near-infrared light heating of a slab by embedded
nanoparticles, Int. J. Heat Mass Transfer 51 (7–8) (2008) 1505–1515.

248. J. Vera and Y. Bayazitoglu, Gold nanoshell density variation with laser power for in-
duced hyperthermia, Int. J. Heat Mass Transfer 52 (3–4) (2009) 564–573.

249. J. Vera and Y. Bayazitoglu, A note on laser penetration in nanoshell deposited tissue,
Int. J. Heat Mass Transfer 52 (13) (2009) 3402–3406.

250. A.M. Elliott, J. Schwartz, J. Wang, A.M. Shetty, C. Bourgoyne, D.P. O’Neal, J.D.
Hazle, and R.J. Stafford, Quantitative comparison of delta P1 versus optical diffusion
approximations for modeling near-infrared gold nanoshell heating, Med. Phys. 36 (4)
(2009) 1351–1358.

251. P.-E. Baudoux, A. Roblin, and P. Chervet, New approach for radiative-transfer compu-
tations in axisymmetric scattering hot media, AIAA J. Thermophys. Heat Transfer 15 (3)
(2001) 317–325.

252. R.T. Ackroyd, C.R.E. de Oliveira, A. Zolfaghari, and A.J.H. Goddard, On a rigorous
resolution of the transport equation into a system of diffusion-like equations, Prog. Nucl.
Energy 35 (1) (1999) 1–64.

Thermal Radiation in Disperse Systems: An Engineering Approach 123



253. C. Yildiz, The spherical harmonics method for anisotropic scattering in neutron transport
theory: the critical sphere problem, J. Quant. Spectr. Radiat. Transfer 71 (1) (2001) 25–
37.

254. S.A. El-Wakil, A.R. Degheidy, and M. Sallah, Time-dependent neutron transport in fi-
nite media using Pomraning-Eddington approximation, Annals Nucl. Energy 32 (3)
(2005) 343–353.

255. A.K. Ziver, M.S. Shahdatullan, M.D. Eaton, C.R.E. de Oliveira, A.P. Umpleby, C.C.
Pain, and A.J.H. Goddard, Finite element spherical harmonics (PN) solutions of the
three-dimensional Takeda benchmark problems, Annals Nucl. Energy 32 (9) (2005) 925–
948.

256. L. Cao and H. Wu, A spherical harmonics-finite element discretization of the self-ad-
joint angular flux neutron transport equation, Nucl. Eng. Design 237 (23) (2007) 2232–
2239.

257. T. Nakajima and M. Tanaka, Algorithms for radiative intensity calculations in moder-
ately thick atmospheres using a truncated approximation, J. Quant. Spectr. Radiat. Trans-
fer 40 (1) (1988) 51–69.

258. K.F. Evans, Two-dimensional radiative transfer in cloudy atmospheres: the spherical har-
monic spatial grid method, J. Atmos. Sci. 50 (18) (1993) 3111–3124.

259. K.F. Evans, The spherical harmonics discrete ordinate method for three-dimensional at-
mospheric radiative transfer, J. Atmos. Sci. 55 (3) (1998) 429–446.

260. N.S. Trasi, C.R.E. de Oliveira, and J.D. Haigh, A finite element - spherical harmonics
model for radiative transfer in inhomogeneous clouds. Part I. The EVENT model,
Atmos. Res. 72 (1–4) (2004) 197–221.

261. P.A. Cook, C.R.E. de Oliveira, J.D. Haigh, and A.J. Goddard, A finite element–spherical
harmonics model for radiative transfer in inhomogeneous clouds. Part II. Some applica-
tions, Atmos. Res. 72 (1–4) (2004) 223–237.

262. A. Zardecki, S.A.W. Gerstl, and R.E. DeKinder, Jr., Two- and three-dimensional radia-
tive transfer in the diffusion approximation, Appl. Optics 25 (19) (1986) 3508–3514.

263. G.L. Olson, L.H. Auer, and M.L. Hall, Diffusion, P1, and other approximate forms of
radiation transport, J. Quant. Spectr. Radiat. Transfer 64 (6) (2000) 619–634.

264. E.D. Aydin, S. Katsimichas, and C.R.E. de Oliveira, Time-dependent diffusion and
transport calculations using a finite-element-spherical harmonics method, J. Quant.
Spectr. Radiat. Transfer 95 (3) (2005) 349–363.

265. M.R. Jones, V.P. Solovjov, B.W. Webb, and S.M. Salisbury, Identification of appropri-
ate source models for accurate diffusion modeling of radiative transfer in a non-absorb-
ing foam layer, J. Quant. Spectr. Radiat. Transfer 93 (1–3) (2005) 125–137.

266. J.E. Morel, Diffusion-limit asymptotics of the transport equation, the P1/3 equations, and
two flux-limited diffusion theories, J. Quant. Spectr. Radiat. Transfer 65 (5) (2000) 769–
778.

267. M. Frank, A. Klar, E.W. Larsen, and S. Yasuda, Time-dependent simplified PN approxi-
mation to the equations of radiative transfer, J. Comput. Phys. 226 (2) (2007) 2289–
2305.

268. M. Bhuvaneswari and C.-Y. Wu, Differential approximations for transient radiative
transfer in refractive planar medium with pulse irradiation, J. Quant. Spectr. Radiat.
Transfer 110 (6–7) (2009) 389–401.

124 Computational Models



269. J. Yvon, La diffusion macroscopique des neutrons une methode d’approximation, J.
Nucl. Energy 4 (3) (1957) 305–318.

270. S. Ziering and D. Schiff, Yvon’s method for slabs, Nucl. Sci. Eng. 3 (1958) 635–647.
271. J.C. Stewart and P.F. Zweifel, Self-shielding and Doppler effect by absorption of neu-

trons, Second Int. Conf. Peaceful Uses Atom. Energy (Geneva, 1958). Selected Papers
of Non-Soviet Scientists (Russian transl., v. 2, Moscow, Atomizdat, 1959), Paper No.
631, 600–624.

272. D.W. Drawbaugh and L.C. Noderer, The double spherical harmonic method for cylin-
ders and spheres, Nucl. Sci. Eng. 6 (1) (1959) 79–81.

273. E. Schmidt and E.M. Gelbard, A double PN method for spheres and cylinders, Trans.
Am. Nucl. Soc. 9 (1966) 432–433.

274. J.B. Sykes, Approximate integration of the equation of transfer, Monthly Notices Roy.
Astron. Soc. 111 (4) (1951) 377–386.

275. M.P. Sherman, Moment methods in radiative transfer problems, J. Quant. Spectr. Radiat.
Transfer 7 (1) (1967) 89-109.

276. M.N. O
..

zisik, J. Menning, and W. Ha
..
lg, Half-range moment method for solution of the

transport equation in a spherically symmetric geometry, J. Quant. Spectr. Radiat. Trans-
fer 15 (12) (1975) 1101–1106.

277. F.S. Wan, S.J. Wilson, and K.K. Sen, Radiative transfer in an isothermal slab with an-
isotropic scattering, J. Quant. Spectr. Radiat. Transfer 17 (5) (1977) 571–575.

278. L.A. Dombrovsky, Calculation of radiation heat transfer in a plane-parallel layer of ab-
sorbing and scattering medium, Fluid Dyn. 7 (4) (1972) 691–695.

279. L.A. Dombrovsky, Radiative equilibrium in a plane-parallel layer of absorbing and scat-
tering medium, Fluid Dyn. 9 (4) (1974) 663–666.

280. L.A. Dombrovsky and N.N. Ivenskikh, Radiation of homogeneous plane-parallel layer of
spherical particles, High Temp. 11 (4) (1973) 818–822 (in Russian).

281. L.A. Dombrovsky, Radiation of plane-parallel layer of hollow spherical aluminum oxide
particles, High Temp. 12 (6) (1974) 1316–1318 (in Russian).

282. L.A. Dombrovsky, Radiation of isothermal polydisperse layer, High Temp. 14 (4) (1976)
733–737.

283. L.A. Dombrovsky, Calculation of the thermal radiation emission of foam on the sea sur-
face, Izvestiya, Atmos. Ocean. Phys. 15 (3) (1979) 193–198.

284. L.A. Dombrovsky and V.Yu. Raizer, Microwave model of a two-phase medium at the
ocean surface, Izvestiya, Atmos. Ocean. Phys. 28 (8) (1992) 650–656.

285. J.-H. Tsai, Double spherical harmonics approximation applied to combined conduction-
radiation in a planar medium, Int. Comm. Heat Mass Transfer 18 (5) (1991) 741–756.

286. M. Krook, On the solution of equations of transfer. I, Astrophys. J. 122 (3) (1955) 488–
497.

287. M.P. Mengu
..
ç and R.K. Iyer, Modeling of radiative transfer using multiple spherical har-

monics approximations, J. Quant. Spectr. Radiat. Transfer 39 (6) (1988) 445–461.
288. R.K. Iyer and M.P. Mengu

..
ç, Quadruple spherical harmonics approximation for radiative

transfer in two-dimensional rectangular enclosures, AIAA J. Thermophys. Heat Transfer
3 (3) (1989) 266–273.

289. P.S. Brantley, Angular adaptive P1 — double P0 flux-limited diffusion solutions of non-
equilibrium grey radiative transfer problems, J. Quant. Spectr. Radiat. Transfer 104 (1)
(2007) 116–132.

Thermal Radiation in Disperse Systems: An Engineering Approach 125



290. M. Abramowitz and I.A. Stegun (Eds.), Handbook of Mathematical Functions, Dover
Publ., New York, 1965.

291. T.J. Love and R.J. Grosh, Radiative heat transfer in absorbing, emitting and scattering
media, ASME J. Heat Transfer 87 (2) (1965) 161–166.

292. G.A. Korn and T.M. Korn, Mathematical Handbook for Scientists and Engineers, Sec-
ond ed., McGraw-Hill, New York, 1968 (also Dover Publ., New York, 2000).

293. M.A. Heaslet and R.F. Warming, Radiative transport and wall temperature slip in an
absorbing planar medium, Int. J. Heat Mass Transfer 8 (7) (1965) 979–994.

294. M.F. Modest and F.H. Azad, The differential approximation for radiative transfer in an
emitting, absorbing and anisotropically scattering medium, J. Quant. Spectr. Radiat.
Transfer 23 (1) (1980) 117–120.

295. R.G. Deissler, Diffusion approximation for thermal radiation in gases with jump bound-
ary conditions, ASME J. Heat Transfer 86 (2) (1964) 240–246.

296. J.-F. Sacadura and D. Baillis, Experimental characterization of thermal radiation proper-
ties of disperse media, Int. J. Thermal. Sci. 41 (7) (2002) 699–707.

297. B.F. Armaly and T.T. Lam, Influence of refractive index on reflectance from a semi-in-
finite absorbing-scattering medium with collimated incident radiation, Int. J. Heat Mass
Transfer 18 (7–8) (1975) 893–900.

298. G. Spiga, F. Santarelli, and C. Stramigioli, Radiative transfer in an absorbing and anisot-
ropically scattering slab with a reflecting boundary, Int. J. Heat Mass Transfer 23 (6)
(1980) 841–852.

299. F. Santarelli, C. Stramigioli, and G. Spiga, Rigorous and simplified approach to the ra-
diative transfer in an absorbing and anisotropically scattering slab with a reflecting
boundary, Int. J. Heat Mass Transfer 23 (6) (1980) 853–860.

300. M.F. Modest, Oblique collimated irradiation of an absorbing, scattering, plane-parallel
layer, J. Quant. Spectr. Radiat. Transfer 45 (5) (1991) 309–312.

301. P.J. Coelho, Bounded skew high order resolution schemes for the discrete ordinates
method, J. Comput. Phys. 175 (2) (2002) 412–437.

302. B.-T. Liou and C.-Y. Wu, Radiative transfer in a multi-layer medium with Fresnel inter-
faces, Heat Mass Transfer 32 (1–2) (1996) 103–107.

303. C.-Y. Wu and B.-T. Liou, Discrete-ordinate solutions for radiative transfer in a cylindri-
cal enclosure with Fresnel boundaries, Int. J. Heat Mass Transfer 40 (10) (1997) 2467–
2475.

304. C. Muresan, R. Vaillon, C. Menezo, and R. Morlot, Discrete ordinates solution of cou-
pled conductive radiative heat transfer in a two-layer slab with Fresnel interfaces subject
to diffuse and obliquely collimated irradiation, J. Quant. Spectr. Radiat. Transfer 84 (4)
(2004) 551–562.

305. L. Dombrovsky, S. Lallich, F. Enguehard, and D. Baillis, An effect of "scattering by
absorption" observed in near-infrared properties of nanoporous silica, J. Appl. Phys. 107
(8) (2010) paper 083106.

306. L.A. Dombrovsky, V.P. Solovjov, and B.W. Webb, Attenuation of solar radiation by
water mist and sprays from the ultraviolet to the infrared range, Proc. 6th Int. Symp.
Radiat. Transfer (RAD-10), June 13–19, 2010, Antalya, Turkey.

307. L.G. Barkova and L.A. Dombrovsky, On errors of radiation heat transfer calculations
due to use of simple differential approximations, Proc. XI Conf. Young Scient., Mosc.
Inst. Phys. Tech., 1986, Part 2 (Depos. VINITI, n. 5697-B86, in Russian).

126 Computational Models



308. L.A. Dombrovsky, Evaluation of the error of the P1 approximation in calculations of
thermal radiation transfer in optically inhomogeneous media, High Temp. 35 (4) (1997)
676–679.

309. S.T. Surzhikov, Heat radiation of large-scale oxygen-hydrogen fireballs: Analysis of the
problem and main results, High Temp. 35 (3) (1997) 410–416.

310. R. Davies, The effect of finite geometry on the three-dimensional transfer of solar irra-
diance in clouds, J. Atmos. Sci. 35 (9) (1978) 1712–1725.

311. K.-N. Liou and S.-Ch.S. Ou, Infrared radiative transfer in finite cloud layers, J. Atmos.
Sci. 36 (10) (1979) 1985–1996.

312. Harshvardhan, J.A. Weinman, and R. Davies, Transport of infrared radiation in cuboudal
clouds, J. Atmos. Sci. 38 (11) (1981) 2500–2513.

313. A.B. Shigapov and D.B. Vafin, Solution of two-dimensional radiative transfer equation,
in: "Heat and Mass Transfer in Engines of Flyers", 2 (1979) 101–106 (in Russian).

314. D.B. Vafin, A.F. Dregalin, and A.B. Shigapov, Radiation of two-phase flows in Laval
nozzles, J. Eng. Phys. Thermophys. 41 (1) (1981) 702–706.

315. Y. Gu and K.N. Liou, Radiation parametrization for three-dimensional inhomogeneous
cirrus clouds: application to climate models, J. Climate 14 (11) (2001) 2443–2457.

316. Y. Chen, K.N. Liou, and Y. Gu, An efficient diffusion approximation for 3D radiative
transfer parametrization: application to cloudy atmospheres, J. Quant. Spectr. Radiat.
Transfer 92 (2) (2005) 189–200.

317. M.F. Modest, Modified differential approximation for radiative transfer in general three-
dimensional media, AIAA J. Thermophys. Heat Transfer 3 (3) (1989) 283–288.

318. P. Cheng, Exact solutions and differential approximation for multi-dimensional radiative
transfer in Cartesian coordinate configurations, in "Progress in Astronautics and Aero-
nautics, v. 31, Thermal Control and Radiation", 1979.

319. O.C. Zienkiewicz, R.L. Taylor, and J.Z. Zhu, The Finite Element: Its Basis and Funda-
mentals, Sixth ed., Elsevier, Oxford, 2005 (See also the first edition: O.C. Zienkiewicz,
The Finite Element Method in Engineering Science, McGraw Hill, London, 1967).

320. M. Ha
..
nisch, Berechnung des Strahlungsaustausches in umschlossenen Ra

..
umen mit Hilfe

der Methode der finiten Elemente (MFE), Wiss. Z. Tech. Univ. Dresden 31 (4) (1982)
125–131.

321. L.A. Dombrovsky, L.I. Zaichik, Yu.A. Zeigarnik, A.S. Sidorov, and I.V. Derevich, Ther-
mophysical processes involved in the VVER core destruction and corium interaction
with reactor vessel, Inst. High Temp., Preprint No. 2–431, 1999.

322. L.A. Dombrovsky, Calculation of radiation heat transfer in a volume above the surface
of a corium pool, Thermal Eng. 48 (1) (2001) 42–49.

323. L.A. Dombrovsky, W. Lipin′ski, and A. Steinfeld, A diffusion-based approximate model
for radiation heat transfer in a solar thermochemical reactor, J. Quant. Spectr. Radiat.
Transfer 103 (3) (2007) 601–610.

324. R.L. Fernandes and J.E. Francis, Combined radiative and conductive heat transfer in a
planar medium with flux boundary conditions using finite elements, AIAA Paper No.
0910, 1982.

325. M.M. Razzaque, D.E. Klein, and J.R. Howell, Finite element solution of radiative heat
transfer in a two-dimensional rectangular enclosure with gray participating media,
ASME J. Heat Transfer 105 (4) (1983) 933–936.

Thermal Radiation in Disperse Systems: An Engineering Approach 127



326. T.J. Chung and J.Y. Kim, Two-dimensional, combined-modes heat transfer by conduc-
tion, convection, and radiation in emitting, absorbing, and scattering media — solution
by finite elements, ASME J. Heat Transfer 106 (2) (1984) 448–452.

327. M.M. Razzaque, J.R. Howell, and D.E. Klein, Coupled radiative and conductive heat
transfer in a two-dimensional rectangular enclosure with gray participating media using
finite elements, ASME J. Heat Transfer 106 (3) (1984) 613–619.

328. C.R.E. de Oliveira, An arbitrary geometry finite element method for multi-group neutron
transport with anisotropic scattering, Prog. Nucl. Energy 18 (1–2) (1986) 227–236.

329. R.T. Ackroyd, Finite Element Method for Particle Transport: Application to Reactor and
Radiation Physics (Research Studies in Particle and Nuclear Technology), Research
Studies Press, London, 1997.

330. Y. Yamada, Light-tissue interaction and optical imaging in biomedicine, Ann. Rev. Heat
Transfer 6 (1995) 1–59.

331. S.R. Arridge, M. Schweiger, M. Hiraoka, and D.T. Delpy, A finite element approach for
modeling photon transport in tissue, Med. Phys. 20 (2) (1993) 299–309.

332. M. Schweiger, S.R. Arridge, M. Hiraoka, and D.T. Delpy, The finite element model for
the propagation of light in scattering media: Boundary and source conditions, Med.
Phys. 22 (11) (1995) 1779–1792.

333. M. Schweiger and S.R. Arridge, The finite-element model for the propagation of light in
scattering media: Frequency domain case, Med. Phys. 24 (6) (1997) 895–902.

334. S.R. Arridge, H. Dehghani, M. Schweiger, and E. Okada, The finite element model for
the propagation of light in scattering media: a direct method for domains with nonscat-
tering regions, Med. Phys. 27 (1) (2000) 252–264.

335. B. Chen, K. Stamnes, and J.J. Stamnes, Validity of the diffusion approximation in bio-
optical imaging, Appl. Optics 40 (34) (2001) 6356–6366.

336. J. Ripoll, M. Nieto-Vesperinas, S.R. Arridge, and H. Dehghani, Boundary conditions for
light propagation in diffusive media with nonscattering regions, J. Opt. Soc. Am. A 17
(9) (2000) 1671–1681.

337. E.D. Aydin, C.R.E. de Oliveira, and A.H. Goddard, A comparison between transport and
diffusion calculations using a finite element–spherical harmonics radiation transport
method, Med. Phys. 29 (9) (2002) 2013–2023.

338. T. Hayashi, Y. Kashio, and E. Okada, Hybrid Monte Carlo–diffusion method for light
propagation in tissue with a low-scattering region, Appl. Optics 42 (16) (2003) 2888–
2896.

339. E.D. Aydin, C.R.E. de Oliveira, and A.J.H. Goddard, A finite element-spherical harmon-
ics radiation transport model for photon migration in turbid media, J. Quant. Spectr. Ra-
diat. Transfer 84 (3) (2004) 247–260.

340. T. Koyama, A. Iwasaki, Y. Ogoshi, and E. Okada, Practical and adequate approach to
modeling light propagation in an adult head with low-scattering regions by use of diffu-
sion theory, Appl. Optics 44 (11) (2005) 2094–2103.

341. D. Gorpas, D. Yova, and K. Politopoulos, A three-dimensional finite elements approach
for the coupled radiative transfer equation and diffusion approximation modeling in fluo-
rescence imaging, J. Quant. Spectr. Radiat. Transfer 111 (4) (2010) 553–568.

342. J. Boulanger and A. Charette, Reconstruction optical spectroscopy using transient radia-
tive transfer equation and pulsed laser: a numerical study, J. Quant. Spectr. Radiat.
Transfer 93 (1) (2005) 325–336.

128 Computational Models



343. S.R. Arridge, J.P. Kaipio, V. Kolehmainen, M. Schweiger, E. Somersalo, T. Tarvainen,
and M. Vauhkonen, Approximation errors and model reduction with an application in
optical diffusion tomography, Inverse Problems 22 (1) (2006) 175–195.

344. H. Xu and M.S. Patterson, Application of the modified spherical harmonics method to
some problems in biomedical optics, Phys. Med. Biol. 51 (12) (2006) 247–251.

345. H. Shen, W. Cong, X. Qian, K. Durairaj, and G. Wang, Numerical study on the validity
of the diffusion approximation for computational optical biopsy, J. Opt. Soc. Am. A 24
(2) (2007) 423–429.

346. E.D. Aydin, Three-dimensional photon migration through void-like regions and channels,
Appl. Optics 46 (34) (2007) 8272–8277.

347. A. Joshi, J.C. Rasmussen, E.M. Sevick-Muraca, T.A. Wareing, and J. McGhee, radiative
transport-based frequency-domain fluorescence tomography, Phys. Med. Biol. 53 (8)
(2008) 2069–2088.

348. S. Ahn, A.J. Chaudhary, F. Darvas, C.A. Bouman, and R.M. Leahy, Fast iterative image
reconstruction methods for fully 3D multispectral bioluminescence tomography, Phys.
Med. Biol. 53 (14) (2008) 3921–3942.

349. Z. Yuan, X.H. Hu, and H. Jiang, A higher order diffusion model for three-dimensional
photon migration and image reconstruction in optical tomography, Phys. Med. Biol. 54
(1) (2009) 65–88.

350. G. Bal, Inverse transport theory and applications, Inverse Problems 25 (5) (2009) paper
053001.

351. M. Chu, V. Vishwanath, A.D. Klose, and H. Dehghani, Light transport in biological tis-
sue using three-dimensional frequency-domain simplified spherical harmonics equations,
Phys. Med. Biol. 54 (8) (2009) 2493–2509.

352. A. Gibson and H. Dehghani, Diffuse optical imaging, Phil. Trans. Roy. Soc. A: Math.,
Phys. Eng. Sci. 367 (1900) (2009) 3055–3072.

353. H. Dehghani, S. Srinivasan, B.W. Poque, and A. Gibson, Numerical modeling and
image reconstruction in diffuse optical tomography, Phil. Trans. Roy. Soc. A: Math.
Phys. Eng. Sci. 367 (1900) (2009) 3073–3093.

354. P. Hiltunen, S.J.D. Prince, and S. Arridge, A combined reconstruction-classification
method for diffuse optical tomography, Phys. Med. Biol. 54 (21) (2009) 6457–6476.

355. Y. Lu, A. Douraghy, H.B. Machado, D. Stout, J. Tian, H. Herschman, and A.F. Chatz-
iioannou, Spectrally resolved bioluminescence tomography with the third-order simpli-
fied spherical harmonics approximation, Phys. Med. Biol. 54 (21) (2009) 6477–6493.

356. S.R. Arridge and J.C. Schotland, Optical tomography: forward and inverse problems, In-
verse Problems 25 (12) (2009) paper 123010.

357. T. Tarvainen, V. Kolehmainen, A. Pulkkinen, M. Vauhkonen, M. Schweiger, S.R. Ar-
ridge, and J.P. Kaipio, An approximation error approach for compensating for modeling
errors between the radiative transfer equation and the diffusion approximation in diffuse
optical tomography, Inverse Problems 26 (1) (2010) paper 015005.

358. O. Balima, T. Pierre, A. Charette, and D. Marceau, A least square finite element formu-
lation of the collimated irradiation in frequency domain for optical tomography applica-
tions, J. Quant. Spectr. Radiat. Transfer 111 (2) (2010) 280–286.

359. J.B. Dominguez and Y. Bérubé-Lauzière, Diffuse light propagation in biological media
by a time-domain parabolic simplified spherical harmonics approximation with ray-di-
vergence effects, Appl. Optics 49 (8) (2010) 1414–1429.

Thermal Radiation in Disperse Systems: An Engineering Approach 129



360. I.G. Zaltsman, A.L. Ishmaev, and V.K. Shikov, Radiative flux distribution over rectan-
gular channels perimeters of power plants, High Temp. 23 (4) (1985) 766–770 (in Rus-
sian).

361. D. Laredo and D.W. Netzer, The dominant effect of alumina on nearfield plume radia-
tion, J. Quant. Spectr. Radiat. Transfer 50 (5) (1993) 511–530.

362. S.T. Surzhikov, Three-dimensional model of the spectral emissivity of light-scattering
exhaust plumes, High Temp. 42 (5) (2004) 763–775.

363. J.T. Farmer and J.R. Howell, Comparison of Monte Carlo strategies for radiative transfer
in participating media, Adv. Heat Transfer 31 (1998) 333–429.

364. L. Dombrovsky and W. Lipin′ski, A combined P1 and Monte Carlo model for radiative
transfer in multi-dimensional anisotropically scattering medium, Proc. 14th Int. Heat
Transfer Conf., Washington DC, USA, August 8–13, 2010, paper IHTC14-22194.

365. L. Dombrovsky and W. Lipin′ski, A combined P1 and Monte Carlo model for multi-di-
mensional radiative transfer problems in scattering medium, Comput. Thermal. Sci. 2 (6)
(2010) in press.

366. H.F. Nelson and B.V. Satish, Transmission of laser beam through anisotropic scattering
media, AIAA J. Thermophys. Heat Transfer 1 (3) (1987) 233–239.

367. S.T. Surzhikov, On directional thermal radiation calculations for light-scattering volumes
by use of the Monte Carlo method, High Temp. 25 (4) (1987) 820–822 (in Russian).

368. L.A. Daladova, A.I. Makienko, S.N. Pavlova, S.T. Surzhikov, and B.A. Khmelinin,
Computational model of thermal radiation from axisymmetrical volumes of scattering
two-phase media, Math. Model. 2 (4) (1990) 54–66 (in Russian).

369. L.A. Dombrovsky, Large-cell model of radiation heat transfer in multiphase flows typi-
cal for fuel-coolant interaction, Int. J. Heat Mass Transfer 50 (17–18) (2007) 3401–3410.

370. T.N. Dinh, V.A. Bui, R.R. Nourgaliev, J.A. Green, and B.R. Sehgal, Experimental and
analytical studies of melt jet–coolant interaction: a synthesis, Nucl. Eng. Design 189 (1–
3) (1999) 299–327.

371. J. Namiech, G. Berthoud, and N. Coutris, Fragmentation of a molten corium jet falling
into water, Nucl. Eng. Design 229 (2–3) (2004) 265–287.

372. M. Bu
..
rger, Particulate debris formation by breakup of melt jets, Nucl. Eng. Design 236

(19–21) (2006) 1991–1997.
373. G. Pohlner, Z. Vujic, M. Bu

..
rger, and G. Lohnert, Simulation of melt jet breakup and

debris bed formation in water pools with IKEJET/IKEMIX, Nucl. Eng. Design 236 (19–
21) (2006) 2026–2048.

374. M.L. Corradini, B.J. Kim, and M.D. Oh, Vapor explosion in light water reactors: A re-
view of theory and modeling, Prog. Nucl. Energy 22 (1) (1988) 1–117.

375. D.F. Fletcher and R.P. Anderson, A review of pressure-induced propagation models of
the vapour explosion process, Prog. Nucl. Energy 23 (2) (1990) 137–179.

376. T.G. Theofanous, The study of steam explosions in nuclear systems, Nucl. Eng. Design
155 (1–2) (1995) 1–26.

377. D.F. Fletcher, Steam explosion triggering: a review of theoretical and experimental in-
vestigations, Nucl. Eng. Design 155 (1–2) (1995) 27–36.

378. G. Berthoud, Vapor explosions, Ann. Rev. Fluid Mech. 32 (2000) 573–611.
379. J. Liu, S. Koshizuka, and Y. Oka, Relationship between the structure of vapor explosion

and fragmentation mechanisms, Nucl. Eng. Design 216 (1–3) (2002) 121–137.

130 Computational Models



380. R. Bu
..
ttner, B. Zimanowski, C.-O. Mohrholz, and R. Ku

..
mmel, Analysis of thermohy-

draulic explosion energetic, J. Appl. Phys. 98 (4) (2005) paper 043524.
381. R.P. Taleyarkhan, Vapor explosion studies for nuclear and non-nuclear industries, Nucl.

Eng. Design 235 (10–12) (2005) 1061–1077.
382. B.T. Min, J.H. Kim, S.W. Hong, S.H. Hong, I.K. Park, J.H. Song, and H.D. Kim, Phase

separation of metal-added corium and its effect on a steam explosion, J. Nucl. Mater.
377 (3) (2008) 458–466.

383. T.N. Dinh, Material property effect in steam explosion energetics: revisited, Proc. 12th
Int. Topical Meeting Nucl. Reactor Therm. Hydraulics (NURETH-12), Pittsburg, Penn-
sylvania, Sept. 30–Oct. 4, 2007, paper 150.

384. T.N. Dinh, A.T. Dinh, R.R. Nourgaliev, and B.R. Sehgal, Investigation of film boiling
thermal hydraulics under FCI conditions: results of analyses and numerical study, Nucl.
Eng. Design 189 (1–3) (1999) 251–272.

385. D.F. Fletcher, Radiation absorption during premixing, Nucl. Eng. Design 189 (1–3)
(1999) 435–440.

386. L.A. Dombrovsky, Radiation heat transfer from a spherical particle via vapor shell to the
surrounding liquid, High Temp. 37 (6) (1999) 912–919.

387. L.A. Dombrovsky, Radiation heat transfer from a hot particle to ambient water through
the vapor layer, Int. J. Heat Mass Transfer 43 (13) (2000) 2405–2414.

388. L.A. Dombrovsky, Thermal radiation of a spherical particle of semitransparent material,
High Temp. 37 (2) (1999) 260-269.

389. L.A. Dombrovsky, Thermal radiation from nonisothermal spherical particles of a semi-
transparent material, Int. J. Heat Mass Transfer 43 (9) (2000) 1661–1672.

390. L.A. Dombrovsky, A modified differential approximation for thermal radiation of semi-
transparent nonisothermal particles: application to optical diagnostics of plasma spraying,
J. Quant. Spectr. Radiat. Transfer 73 (2–5) (2002) 433–441.

391. L.A. Dombrovsky, Modeling of thermal radiation of semi-transparent particles in com-
bined heat transfer problems, Proc. 4th Russ. Nat. Heat Transfer Conf., Moscow, Oct.
23–27, 2006, v. 1, 48–53 (in Russian).

392. L.A. Dombrovsky, Thermal radiation of nonisothermal particles in combined heat trans-
fer problems, Proc. 5th Int. Symp. Radiat. Transfer, Bodrum, Turkey, June 17–22, 2007
(dedication lecture).

393. L.A. Dombrovsky and T.N. Dinh, The effect of thermal radiation on the solidification
dynamics of metal oxide melt droplets, Nucl. Eng. Design 238 (6) (2008) 1421–1429.

394. W.W. Yuen, Development of a multiple absorption coefficient zonal method for applica-
tion to radiative heat transfer in multi-dimensional inhomogeneous non-gray media,
Proc. 2004 ASME Heat Transfer/Fluids Eng. Summer Conf., July 11–15, 2004, Char-
lotte, North Carolina, USA, paper HT-FED2004-56285.

395. L.A. Dombrovsky, Modeling of radiation heat transfer in multiphase flows typical for
fuel-coolant interaction, Int. Symp. Adv. Comput. Heat Transfer (CHT-08), Marrakech,
Morocco, May 11-16, 2008, Presentation at the Panel on Computational Radiative Heat
Transfer.

396. L.A. Dombrovsky, M.V. Davydov, and P. Kudinov, Thermal radiation modeling in nu-
merical simulation of melt-coolant interaction, Comput. Thermal. Sci. 1 (1) (2009) 1–35.

397. G.M. Hale and M.P. Querry, Optical constants of water in the 200 nm to 200 m wave-
length region, Appl. Optics 12 (3) (1973) 555–563.

Thermal Radiation in Disperse Systems: An Engineering Approach 131



398. J.H. Harding, D.G. Martin, and P.E. Potter, Thermophysical and thermochemical proper-
ties of fast reactor materials, Commiss. Eur. Comm. Report EUR 12402 EN, 1989.

399. L.A. Dombrovsky, Thermal radiation modeling in multiphase flows of melt-coolant in-
teraction, Chapter 4 in the book "Advances in Multiphase Flow and Heat Transfer", v. 1,
L. Cheng and D. Mewes (Eds.), Bentham Sci. Publ., 2009, 114–157.

400. J.S. Truelove, Three-dimensional radiation in absorbing-emitting-scattering media using
the discrete-ordinates approximation, J. Quant. Spectr. Radiat. Transfer 39 (1) (1988)
27–31.

401. W.A. Fiveland, A discrete ordinates method for predicting radiative heat transfer in ax-
isymmetric enclosures, ASME Paper 82-HT-20, 1982.

402. W.A. Fiveland, Three-dimensional radiative heat transfer solutions by the discrete-ordi-
nates method, AIAA J. Thermophys. Heat Transfer 2 (4) (1988) 309-316.

403. S. Kumar, A. Majumdar, and C.L. Tien, The differential-discrete-ordinate method for so-
lutions of the equation of radiative transfer, ASME J. Heat Transfer 112 (2) (1990) 424–
429.

404. W.A. Fiveland, Discrete ordinate methods for radiative heat transfer in isotropically and
anisotropically scattering media, ASME J. Heat Transfer 109 (3) (1987) 809–812.

405. D. Baillis, L. Pilon, J. Randrianalisoa, R. Gomez, and R. Viskanta, Measurements of
radiation characteristics of fused quartz containing bubbles, J. Opt. Soc. Am. A 21 (1)
(2004) 149–159.

406. J.H. Randrianalisoa, D. Baillis, and L. Pilon, Improved inverse method for radiative
characteristics of closed-cell absorbing porous media, AIAA J. Thermophys. Heat Trans-
fer 20 (4) (2006) 871–883.

407. S.V. Patankar, Numerical Heat Transfer and Fluid Flow, Hemisphere, New York, 1980.
408. B.G. Carlson and K.D. Lathrop, Transport theory — The method of discrete ordinates,

Ch. 3, in Computing Methods in Reactor Physics, H. Greenspan, C.N. Kelber, and D.
Okrent (Eds.), Gordon & Breach, New York, 1968, 171–266.

409. J.C. Chai, H.S. Lee, and S.V. Patankar, Improved treatment of scattering using the dis-
crete ordinates method, ASME J. Heat Transfer 116 (1) (1994) 260–263. 

410. Q. Brewster, Thermal Radiative Transport and Properties, First ed., vol. 1, Wiley, New
York, 1992.

411. H.-S. Li, G. Flamant, and J.-D. Lu, A new discrete ordinate algorithm for computing
radiative transfer in one-dimensional atmospheres, J. Quant. Spectr. Radiat. Transfer 83
(3–4) (2004) 407–421.

412. P. Boulet, A. Collin, and J.L. Consalvi, On the finite volume method and the discrete
ordinates method regarding radiative heat transfer in acute forward anisotropic scattering
media, J. Quant. Spectr. Radiat. Transfer 73 (2–5) (2002) 195–204.

413. L.H. Liu, L.M. Ruan, and H.P. Tan, On the discrete ordinates method for radiative heat
transfer in anisotropically scattering media, Int. J. Heat Mass Transfer 45 (15) (2002)
3259–3262.

414. K.T.V.S. Abhiram, M. Deiveegan, C. Balaji, and S.P. Venkateshan, Multilayer differen-
tial discrete ordinate method for inhomogeneous participating media, Int. J. Heat Mass
Transfer 51 (9–10) (2008) 2628–2635.

415. K. Stamnes, S.-C. Tsay, W. Wiscombe, and K. Jayaweera, Numerically stable algorithm
for discrete-ordinate-method radiative transfer in multiple scattering and emitting layered
media, Appl. Optics 27 (12) (1988) 2502–2509.

132 Computational Models



416. D. Lemonnier and V. Le Dez, Discrete ordinates solution of radiatve transfer across a
slab with variable refractive index, J. Quant. Spectr. Radiat. Transfer 73 (2–5) (2002)
195–204.

417. N. Selçuk and N. Kayakol, Evaluation of discrete ordinates method for radiative transfer
in rectangular furnaces, Int. J. Heat Mass Transfer 40 (2) (1997) 213–222.

418. S.C. Mishra, H.K. Roy, and N. Misra, Discrete ordinate method with a new and a sim-
ple quadrature scheme, J. Quant. Spectr. Radiat. Transfer 101 (2) (2006) 249–262.

419. J. Liu, H.M. Shang, Y.S. Chen, and T.S. Wang, Analysis of discrete ordinates method
with even parity formulation, AIAA J. Thermophys. Heat Transfer 11 (2) (1997) 253–
260.

420. S.T. Thynell, Discrete-ordinates method in radiative heat transfer, Int. J. Eng. Sci. 36
(12–14) (1998) 1651–1675.

421. A.S. Jamaluddin and P.J. Smith, Discrete-ordinates solution of radiative transfer equation
in non-axisymmetric cylindrical enclosures, AIAA J. Thermophys. Heat Transfer 6 (2)
(1992) 242–245.

422. E.H. Chui, G.D. Raithby, and P.M.J. Hughes, Prediction of radiative transfer in cylindri-
cal enclosures with the finite volume method, AIAA J. Thermophys. Heat Transfer 6 (4)
(1992) 605–611.

423. J.R. Tsai, M.N. O
..

zisik, and F. Santarelli, Radiation in spherical symmetry with anisot-
ropic scattering and variable properties, J. Quant. Spectr. Radiat. Transfer 42 (3) (1989)
187–199.

424. J.A. Fleck, The calculation of nonlinear radiation transport by a Monte Carlo method:
statistical physics, Meth. Comput. Phys. 1 (1961) 43-65.

425. J.R. Howell and M. Perlmutter, Monte Carlo solution of thermal transfer through radiant
media between gray walls, ASME J. Heat Transfer 86 (1) (1964) 116–122.

426. P. Beckmann and A. Spizzichino, Scattering of Electromagnetic Waves from Rough Sur-
faces, Artech House Publ., New York, 1987.

427. D.A. Kaminski, Radiative transfer from a gray, absorbing-emitting, isothermal medium
in a conical enclosure, J. Solar Energy Eng. 111 (1989) (4) 324–329.

428. J.R. Howell, The Monte Carlo method in radiative heat transfer, ASME J. Heat Transfer
120 (3) (1998) 547–560.

429. D.V. Walters and R.O. Buckius, Monte Carlo methods for radiative heat transfer in scat-
tering media, Ann. Rev. Heat Transfer 5 (1994) 131–176.

430. A.K.C. Wu and S.H.-K. Lee, Multiple-rays tracing technique for radiative exchange
within packed beds, Numer. Heat Transfer B 37 (4) (2000) 469–487.

431. C.K Chan and C.L. Tien, Radiative transfer in packed spheres, ASME J. Heat Transfer,
96 (1) (1974) 52–58.

432. Y.S. Yang, J.R. Howell, and D.E. Klein, Radiative heat transfer through a randomly
packed bed of spheres by the Monte Carlo method, ASME J. of Heat Transfer 105 (2)
(1983) 325–332.

433. K. Kudo, W.J. Yang, H. Tanaguchi, and H. Hayasaka, Radiative heat transfer in packed
spheres by Monte Carlo method, in "Heat Transfer in High Technology and Power En-
gineering," Hemisphere, New York, 1987, pp. 529–540.

434. B.P. Singh and M. Kaviany, Independent theory versus direct simulation of radiation
heat transfer in packed beds, Int. J. Heat Mass Transfer 34 (11) (1991) 2869–2882.

Thermal Radiation in Disperse Systems: An Engineering Approach 133



435. R. Coquard, D. Baillis, and D. Quenard, Radiative properties of expanded polystyrene
foams, ASME J. Heat Transfer 131 (1) (2009) 012702.

436. R. Coquard and D. Baillis, Radiative characteristics of opaque spherical particles beds:
a new method of prediction, AIAA J. Thermophys. Heat Transfer 18 (2) (2004) 178–
186.

437. B. Zeghondy, E. Iacona, and J. Taine, Determination of the anisotropic radiative proper-
ties of a porous material by radiative function distribution identification (RFDI), Int. J.
Heat Mass Transfer 49 (17–18) (2006) 2810–2819.

438. J. Petrasch, P. Wyss, and A. Steinfeld, Tomography-based Monte Carlo determination of
radiative properties of reticulate porous ceramics, J. Quant. Spectr. Radiat. Transfer 105
(2) (2007) 180–197.

439. M. Loretz, E. Maire, and D. Baillis, Analytical modelling of the radiative properties of
metallic foams: contribution of X-Ray tomography, Adv. Eng. Mater. 10 (4) (2008)
352–360

440. J.N. Swamy, C. Crofcheck, and M.P. Mengu
..
ç, A Monte Carlo ray tracing study of po-

larized light propagation in liquid foams, J. Quant. Spectr. Radiat. Transfer 104 (2)
(2007) 277–287.

441. G. Marchuk, G. Mikhailov, M. Nazarliev, R. Darbinjan, B. Kargin, and N. Elepov, The
Monte-Carlo Methods in Atmospheric Optics, Springer, Heidelberg, 1980.

442. S.H. Chan, Numerical methods for multidimensional radiative transfer analysis in partici-
pating media, Ann. Rev. Numer. Fluid Mech. Heat Transfer, v. 1, 1987, 305–350.

443. M. Tancrez and J. Taine, Direct identification of absorption and scattering coefficients
and phase function of a porous medium by a Monte Carlo technique, Int. J. Heat Mass
Transfer 47 (2) (2004) 373–383.

444. R. Coquard and D. Baillis, Radiative properties of dense fibrous medium containing fi-
bers in the geometrical limit, ASME J. Heat Transfer 128 (10) (2006) 1022–1030.

134 Computational Models




